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This chapter presents an integrated approach to process design and 
control in which operability and controller design are considered at 
the same time as process design. The aim of the approach presented 
is to assist designers in achieving a good trade-off between cost and 
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risk, uricertuinties and disturbances notwithstanding. We address the 
fijllowirig pestions: 

Carl a particular design or striicture be made to satisfy its oper- 

What i s  the impact of dealing with disturbances and uncertainty 
utirig construints despite uncertainty and disturbances? 

on the economics of the processing system considered? 

We propose a rurige of tests that can be applied in a hierarchical 
nitriiner to give increusingly accurute performance estimates as the 
riuriiber of optioiis being corisidered is reduced arid the design ap- 
Imucht.s i;s jtitil  form. 

The key design tools discussed are: 

N rohiist clynnmic optimization package 
8 n screening method for  e1,aluating the eject  of delays on achiev- 

9 uii optiniization method for dealing with parametric uncertainty. 

The upplication c t f  this approach to chemical waste water treatment is 
crlsr i  discussed e.rtensivelj. 

able pegomlance 

1. introduction 

Operability and control tend to be considered near the end of process design 
and synthesis. A process may be designed by one group of people, then another 
design group is handed the process flowsheet and required to add on a control 
scheme to ensure that it operates successfully. Changes in the process design at 
this stage are usually expensive both in resources and in time. This approach 
has long been recognized as far from ideal, but the problem of how to do things 
better has not yet been resolved satisfactorily. 

Integration of operability and control considerations into early-stage process 
design can be facilitated by organizational measures. Process control experts can 
be brought into the early-stage design team to identify and investigate possible 
operational difficulties. Process engineers can receive additional training to en- 
hance their understanding of operational and control issues. Such organizational 
measures need to be supported by appropriate design procedures and tools if 
they are to deliver their full potential benefit. 

Operability encompasses the ability of the system to cope with uncertainty 
and disturbances and also with issues of reliability and maintenance. In this 
contribution, we restrict our discussion to methods of dealing with uncertainty 
and disturbances. We address the following questions: 
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Can a particular design or structure be made to satisfy its operating con- 

What is the impact of dealing with disturbances and uncertainty on the 
straints despite uncertainty and disturbances? 

economics of the processing system considered? 

It should be noted that these questions do not fit comfortably within any of the 
conventional categories of operability analysis, such as controllability (regula- 
tory capability about a steady state), switchability (ability to switch between 
operating modes), flexibility (ability to accommodate uncertainty at steady state), 
and robust control (ability to maintain stability and performance of a control 
scheme despite perturbations in the characteristics of the controlled system). 
Rather, we attempt to develop an integrated design approach that allows us to 
consider operability issues on a par with economic issues, thus permitting design 
and synthesis decisions to be made within a common framework. 

An important strand of previous work addressing the issues of dynamics and 
uncertainty in process and control system design is the development of design 
guidelines based on a mixture of experience, theory, and intuition. Among the 
notable contributors to such guidelines are P. Buckley, F. G. Shinskey, and 
W. L. Luyben. We value these contributions and believe they repay careful 
study. However, because such qualitative guidelines do not place operability 
issues on a par with process design issues, they do not allow integrated consid- 
eration of process and control decisions. Our approach exploits advances in 
optimization methods and computing capabilities in order to achieve this. 

Engineers are required to produce designs that will operate safely and legally 
at all times while providing an adequate return on investment. They must meet 
these requirements despite incomplete knowledge of the process and equipment 
characteristics and the operating demands on the plant. Success or failure will 
depend on how well the designers manage the trade-off between risk and return 
on investment and how well they anticipate potential operational problems. In- 
tegrated design approaches aim to provide tools, procedures, and environments 
to aid engineers in tackling these issues in a systematic, well-coordinated 
manner. 

The design problem described above is a multifaceted, multiobjective, incom- 
pletely defined problem and as such requires the application of creative intelli- 
gence. As no computer yet exhibits such creativity, any integrated design ap- 
proach should be built around a human project team. Computer-based techniques 
should be designed to assist such a team and should not attempt to carry out 
tasks that humans are better able to do. The challenge in integrated design is to 
find a good “division of labor” between human and computer and an appro- 
priate way of interfacing between the two. 

With these considerations in mind, we have chosen the following approxi- 
mation to the integrated design problem. The integrated design objective is to 
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maximize return on investment while ensuring that performance constraints are 
satisfied for all possible plant parameters and disturbances. 

This approximation involves a number of nontrivial assumptions. 

The performance requirements can be represented either by constraints or 
by a contribution to the operating costs. In some cases. this is straightfor- 
ward-equipment and material and energy inputs can be included in an 
economic objective: constraints for which violation leads to plant shutdown 
are well approximated by a hard constraint. In other cases, the choice of 
representation is more difficult-excessive quality variations may lead to 
complete loss of the market for a product (constraint) or reduced price for 
the product (objective). 
Adequate models must be available to allow evaluation of the effect of 
design decisions on performance. This can be very difficult to achieve, 
particularly if we desire to characterize a wide range of options in depth at 
the outset of a design. We assume that the project team acts to refine and 
augment the models required for performance prediction as the design pro- 
gresses. The models can take any form, from correlation curves through 
differential-algebraic equations. 
Uncertainty and disturbances can be described in terms of mathematical 
constraints defining a finite set of hoiirided regions for the allowable values 
of the uncertain parameters of the model and the parameters defining the 
disturbances. If uncertainty or disturbances were unbounded, it would not 
make sense to try to ensure satisfaction of performance requirements for 
all possible plant parameters and disturbances. If the uncertainty cannot be 
related mathematically to model parameters, the model cannot adequately 
predict the effect of uncertainty on performance. The simplest form of 
description arises when the model is developed so that the uncertainty and 
disturbances can be mapped to independent, bounded variations on model 
parameters. This last stage i s n o t  essential to the method, but it does fit 
many process engineering problems and allows particularly efficient optim- 
ization methods to  be deployed. Some parameter variations are naturally 
hounded; e.p.. feed properties and measurement errors should be bounded 
by the quality specification of the supplier. Other parameter variations re- 
quire a mixture of judgment and experiment to define, e.g., kinetic 
parameters. 

'Matching the above approximation to the original design problem requires 

objectives and constraints to approximate performance requirements 
models to link these to the choice of design variables 
bounds on uncertain variables to manage the trade-off between cost and 

the intervention of the project team to define 

risk 
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Problem definition and solution will usually be an iterative process. Each 
solution of the approximate problem can be used to provide estimates of cost 
and to indicate the critical values of the uncertain parameters. This information 
allows the project team to trade off risk and cost at a very high level. In working 
with industrial project teams, we have found them to be quite comfortable with 
defining problems in this way and with exploring the interactions between prob- 
lem definition and the cost of the resulting design. 

If good information is available on the probability distribution of the uncer- 
tain parameters, it becomes possible in principle to design to a specified prob- 
ability of infeasibility (Straub and Grossmann, 1990). This would provide an 
alternative method of trading off cost and risk. The algorithms to deal with this 
case are significantly more complex than those for dealing with bounded un- 
certainty as it is necessary to identify the complete boundaries of the feasible 
region in order to evaluate the probability of the uncertain parameters lying 
within the feasible region. Because of the difficulty of solving this problem for 
general nonlinear systems and the difficulty of obtaining reliable statistical data 
on the variation of the uncertain parameters, we have not pursued this approach. 

In considering the solution of the approximate problem, a number of points 
are evident. It is highly desirable to tackle the problem with a hierarchy of 
methods and models. The design process can be likened to a mixture of broad 
and deep searches over the “space” of design options. The search has two main 
mechanisms: 

narrowing the search domain by eliminating sets of options 
deepening the search by picking likely “winners” 

Eliminating options is assisted by simple criteria or tests that can identify a large 
number of options as unviable. Deepening the search can be assisted by more 
heuristic measures as the aim is usually to establish a viable base-case design 
rapidly, without necessarily discarding other options. The appropriate criteria to 
use and the balance between search methods is clearly problem-dependent. 

There are a number of general techniques suggested by the problem formu- 
lation. At the most detailed level of design, the design parameters need to be 
optimized in relation to performance criteria based on a nonlinear dynamic 
model. This points to a need for effective tools for dynamic optimization. At a 
more preliminary level in a hierarchy of techniques, it might be useful to eval- 
uate steady-state performance or to carry out tests on achievable dynamic per- 
formance to eliminate infeasible options. Appropriate screening techniques are 
therefore needed. All these methods can use nominal models for initial analysis, 
but a full analysis should be based on design with uncertainty. 

The rest of this chapter is structured as follows. The next section considers 
general techniques for use in the integrated design approach proposed: design 
with uncertainty, screening tools for disturbance rejection, and dynamic opti- 
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mization. Then a particular problem domain-chemical waste water neutrali- 
zation-is introduced. A procedure is presented for coordinating the techniques 
in an integrated design framework for this problem area. Key modeling issues 
for this problem domain are discussed. A generic example and four industrial 
case studies are then presented, illustrating different aspects of the use of this 
procedure. We conclude the chapter by reviewing our experience on the problem 
domain discussed and highlighting some directions for further extension of the 
proposed integrated design approach. 

II. General Techniques 

In the previous section, an approach to synthesis and design taking account 
of uncertainty and the impact of process disturbances on performance was out- 
lined. In this section, a set of tools to support the approach will be presented. 
First. we examine techniques for the design of plant for which uncertainties in 
design data are explicitly represented. These techniques are computationally de- 
manding; currently. they are most suitable at the later stages of design when the 
most promising designs are being verified and finalized. In the early stages, 
where rapid screening of a large number of options is required, less computa- 
tionaily demanding tools are more appropriate. A technique based on the ability 
to reject process disturbances is presented for the rapid evaluation of design 
alternatives. Finally, since the aim is to evaluate the dynamic behavior of the 
process, and since optimization is a key component of our approach, algorithms 
for solving optimal control problems (i.e., optimization problems subject to dif- 
ferential equation constraints) are discussed. 

A. DESIGN WITH UNCERTAINTY 

Some approaches to design with uncertainty are reviewed in order to identify 
the appropriate basic approach and relevant techniques from previous work. A 
new algorithm is then presented which builds on previous work and attempts to 
exploit the characteristics of the design problems. 

I .  Roi.ievt 

A\ noted by Grossmann et ul. (1983). the problem of design with uncertainty 
IS not well-defined and many different approaches exist. As discussed above, 
w e  are interested in solving problems in which the uncertainty is assumed to be 
defined by bounds on model characteristics or parameters and in which it is 
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assumed that the constraints must be satisfied at all times. Attention will there- 
fore be restricted to techniques to ensure feasibility for all possible realizations 
of the uncertainty (worst-case design). This review considers only optimization- 
based methods that are potentially applicable to general nonlinear systems. Al- 
gorithms designed for linear or bilinear systems or involving manipulation of 
explicit objectives and constraints are therefore not covered. 

Two approaches to worst-case design that have been applied successfully to 
engineering design problems with uncertainty are those of Grossmann er al. 
(1983; Swaneyand Grossmann, 1985a, b; Grossmann and Floudas, 1987) and 
Polak et al. (Polak, 1982; Tits, 1985; Polak and Stimler, 1988; Mayne et al., 
1990). The problem tackled by both approaches is how to deal with an effec- 
tively infinite number of constraints (i.e., constraints must be satisfied for the 
infinite number of parameter realizations that must be considered), which makes 
the design optimizations semiinjnite. In both cases the approach adopted is to 
approximate the continuous uncertain parameter space, v E V,  by a discrete set, 
v E Vi and to update this set until it gives a design for which no constraint 
violation can be found. This is known as an outer-approximation algorithm, as 
the constraints associated with v E Vi define a feasible region which contains 
(i.e., is an outer approximation to) the feasible region associated with v E V. 
This is illustrated in Fig. 1, which shows how three scenarios of the uncertain 
parameters give an approximation to the true feasible region. 

Grossmann et al. consider the set V to be defined explicitly by bounds on 
the uncertain parameters. Polak et al. allow for general constraints on the values 
of V subject to the requirement that V is made up of the union of a finite number 

FIG. 1. Effect of outer approximation. 
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of compact subsets. While many engineering problems fit  the simpler case of 
independent bounded parameter variation, given appropriate models, this ap- 
proach is not universally appropriate. For example, a feed may have a quality 
specification on total impurity level as well as specifications on levels of indi- 
vidual impurities. This would give rise to an uncertainty specification of a limit 
on the sum of the uncertain parameters defining the impurities. We focus below 
on the simpler case. but comment on extensions necessary to handle the more 
general case. 

The general structure of an outer-approximation algorithm for worst-case de- 
sign is as follows 

1: Choose an initial set V,(i = 0) to approximate V 

2: Carry out a design so that the constraints are satisfied for 
all 1' E V,. 
If this stage fails then the problem is infeasible. 

3: Find the maximum constraint violation over the set V ,  c*, and the 
corresponding value of I'. 1%" 

If cib 5 0 then solution .found 
Else \ ' ! - ,  = V,  U I,*. i = i + I ,  goto step 2 

The methods differ mainly in step 3. 
Grossmann et ~ i l .  ( 1983) formulate the worst-case design problem as 

min E ( min J ( p ,  1'. o)lc@. I,, o )  I 0 )  
( 1 )  

where J is the objective function to be minimized, p is a vector of design 
variables. I '  is ;t vector of uncertain variables. ch is the kth element of the con- 
\traint vector c'. and o is a vector of operating variables that may be adjusted to 
reduce costs and to maintain feasibility in the light of the value of 1'. The set V 
is assumed to be a polyhedron defined by simple bounds on elements of 11. The 
infinite constraint may be reformulated as 

/>El'  I € \ '  

s . t .  vv E V ( 3 0  E O(Vk E K[ch(y. I', 0) 5 01)) 

The design variables are chosen to allow constraint satisfaction for all the un- 
certain variable values while the operating variables are adjusted for each value 
of the uncertain variables. If operating variables are eliminated, the problem 
simplifies to 

niin E (J(p.  
p t P  l'E\' 

(3) 
s.t .  V\* E V(  V k  E K[cp(/?, 1'1 I 01) 
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The formulation without operating variables is qualitatively easier to solve as 
one level of optimization is eliminated. More specifically, finding v* for the 
optimization problem defined by Eq. (2) is a nondifferentiable global optimi- 
zation problem that is extremely difficult to solve rigorously in the general case. 
It is therefore important to consider the pros and cons of using operating vari- 
ables carefully. 

The motivation for including operating variables is that certain variables may 
be adjusted during plant commissioning or operation to give improved perfor- 
mance in the light of the actual plant behavior. Requiring such variables to be 
chosen so as to accommodate all possible uncertain variables, i.e., as design 
variables, introduces an element of conservatism into the design. This is partic- 
ularly the case if the operating variables include process inputs which would be 
adjusted by a control scheme to maintain satisfaction of constraints and if the 
uncertain parameters are fixed but unknown rather than variable. On the other 
hand, including operating variables in the problem formulation assumes an ideal 
adaptation of the operating variables to all the uncertain variables, which may 
actually vary over time. This problem will generally be optimistic as the actual 
“operator” will have only partial knowledge of some of the uncertain para- 
meters and will adapt the operation in a nonideal way. A design generated using 
optimization of operating variables will therefore usually be infeasible for some 
values of v E V. Failure of a design problem with operating variables indicates 
that no control scheme for adjusting the operating variables can achieve feasible 
operation for all the uncertain parameters. Success of such a design problem 
does not imply that an implementable control scheme exists which can achieve 
feasible operation. Operating variables, therefore, should not be used in deter- 
mining design parameters, although they may be useful in certain screening tests 
if the resulting problem can be solved efficiently (see Section 1I.B). 

To go beyond the potential conservatism of having all the variables as design 
variables and the probable optimism of using operating variables, it is necessary 
to include the adaptation mechanism (control scheme) within the model. If de- 
sired, the parameters controlling this adaptation can be made design variables. 
Grossmann et a / .  (1983) consider that this “would make the problem virtually 
unmanageable” at the design stage. In the integrated design context, which 
involves consideration of process and control system design, it is certainly ap- 
propriate. More generally, including basic control information may be accom- 
plished simply by requiring that certain variables remain at their setpoints, which 
may be added to the design variables, and eliminating the operating variables, 
0, using the extra equality constraints. The key formulation for design with 
uncertainty in relation to the integrated design approach is that without operat- 
ing variables. Solving general problems with operating variables is not necessary 
in the context of our approach to integrated design. However, the penalty paid 
for adopting a particular adaptation scheme is that we obtain no information 
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from the optimization as to what improvements could be made by a different 
scheme. 

In replacing operating variables by a control scheme with associated design 
variables. the designer has moved from a test for which “no” means no and 
“yes” means maybe to a test for which “yes” means yes and “no” means 
maybe. The two approaches are clearly complementary. The operating variable 
approach is best suited to screening the potential feasibility of a design (we want 
“no” to mean no)  or setting targets for design, while it is only appropriate for 
direct use in design if the designer is confident that approximately ideal adap- 
tation can be achieved in practice. The embedded control scheme approach is 
best suited to use in design, particularly when it is necessary or desirable to 
design the control scheme itself, while it is ideally suited for screening only if 
one can parameterize and optimize the best controller one might conceivably 
implement. In the new algorithm and examples presented below, we do not make 
use of operating variables. 

It is possible to solve the general formulation (including operating variables) 
rigorously for certain special cases. The algorithms developed for this purpose 
are of interest as they include techniques that are useful for developing a general 
algorithm. 

An algorithm for solving the general problem under the assumption that the 
worst-case uncertain parameters lie at vertices of the parameter space, V, is given 
by Grossmann et al. (1983). This is presented below following the general outer- 
approximation algorithm structure given above. 

1: V,(i = 0) is selected based on the sign of gradients of individual 
constraints with respect to V .  Positive sign indicates that the 
parameter would maximize that particular constraint at its upper 
timit if the constraint is monotonic. 

2: Solve for new design parameters, p*,  which minimize the 
expected cost subject to the constraints associated with each vj E V, 

hi 

s.t. c(p,  0,. L,,) 5 0. 

(The weighted sum is used by Grossmann et al. to approximate the 
expectation, N ,  IS the dimension of V,.) 

3: For each vertex, v’, in V choose o to minimize the maximum 
constraint violation for the new design parameters. 

j = 1, ..., N ,  

(It is not necessary to carry out the minimization exhaustively as 
the minimization for a particular vertex can stop once c,,, < 0.) 
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Choose V* as the vertex giving the largest value of c,,, 

If c,,,(v*) 5 0 then solution found 
Else Vi+l = Vi U v*, i = i + 1, goto step 2 

The fundamental limitation of this approach is that it assumes the worst-case 
parameters are always at a vertex. This requires convexity properties that will 
not be satisfied in all the problems of interest. A sufJicient condition for a vertex 
solution (Swaney and Grossmann, 1985a) is that all ck(p, v, 0) are jointly quasi- 
convex in o and one-dimensional quasi-convex in v. One-dimensional quasi- 
convexity implies that 

V a  E [0, 11, Va2 E %, Vx,, x2 = xI + a2ei 

where ei is a vector with ith element 1 and all other elements 0. A nonvertex 
solution requires a maximum in v, for some min, ck, which is not at a bound 
of V. This is precluded by the above conditions. Nonvertex solutions may occur 
for the design problems of interest. Two examples illustrating this are given 
below. 

1. If the time between two step disturbances is an element of v, then the 
worst case is not necessarily at either bound of this variable. 

2. A sinusoidal disturbance with uncertain frequency will tend to have a 
worst case near the resonant frequency of the control system design which 
will not, in general, lie at a limit of the uncertainty range. 

However, many elements of v can be expected to have a worst case at a bound, 
e.g., measurement bias, flow, concentration, buffering, and reaction rates. For 
the general case, the vertex assumption cannot be relied upon but provides a 
basis for useful heuristics in the search for a solution. 

Even with the assumption of vertex constraint mapimizers, vertex enumera- 
tions with a large number of parameters can be very time-consuming. Algo- 
rithms for efficient exploration of the vertices and a proposed “flexibility index” 
are presented in Grossmann et al. (1983) and developed further in later papers 
(Swaney and Grossmann, 1985a, b). These are discussed below. 

The flexibility index, F is defined by 

F = m a x 6  

s.t. max min rnax C k ( p ,  v, 0) I 0  
vEV6 oEO k E K  

V, = (vl(v0 - ~ A v - )  I v 5 (vg + ~ A v + ) ]  

where vo is the nominal value of v. Therefore, F is the factor by which a poly- 
hedron representing nominal variability or uncertainty of the parameters can be 
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expanded without leading to constraint violation for any parameter contained 
within it .  An equivalent representation more useful for solution is 

F = min max S 
i E  C 8.o 

1’ = 1’0 + 61; 
\/ = (c/-A,l- 2 1; 2 A,**-] 

The condition ti6 E 10, s] is assirmcd to be satisfied in the solution methods 
presented if 8 gives a feasible point giving the simplified problem 

F = min max 6 
i t  <. 6.0 

s.t. c@. 1’. 0) 5 0 

1‘ = 1’0 + 61; 

This index could be used for trading off risk and cost but such indices over- 
simplify a complex tradeoff. The mapping between F and risk is not direct. 
Some parameters may never violate their bounds, others may have a significant 
probability of doing so. The use of F treats all parameters as having a uniform 
likelihood of violating their bounds, which is not generally appropriate. 

The calculation methods for the flexibility index discussed below can be 
applied to step 3 of the worst-case design optimization procedure to maximize 
constraint violation instead of minimizing 6. 

Under the vertex solution assumption, the flexibility index can be calculated 
by evaluating the maximum 6 along each vertex direction and taking the mini- 
mum of the results. This approach becomes computationally impractical for 
more than about 15-20 parameters, so two procedures are presented which give 
upper bounds on F inore efficiently (a vertex search method and a branch-and- 
bound method). Of the two methods, the vertex search method is found to be 
more efficient on the examples considered and therefore seems the best candi- 
date for use to get an approximate solution for the worst-case vertex where 
appropriate. The vertex search procedure is given below. 

1: Set p”’”x (see step 3) and choose an initial value of v 

2: Update 1’ using sign(Cii) = -sign(d6/avi) 
until either 6 fails to decrease as predicted or 
the method predicts a vertex already examined 
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3: For each ck < 0 compute the maximum increase hc, in the constraint, 
based on the constraint gradients, and identify the corresponding vertex 
Compute the projected fractional change p = -A&, 
If the maximum value of p over all the constraints is less than pmax 
or no new vertices are identified then STOP 
Else select the new vertex value of v giving the maximum value of p 
and goto 2: 

pmax governs the thoroughness of the local search. pmaX = 1 corresponds to 
examining a vertex if the linearized constraints at the present vertex indicate 
that some currently inactive constraint might become active. pmaX = 0.5 corre- 
sponds to examining a vertex if the linearized constraints at the present vertex 
indicate that the constraint will move halfway to becoming active. 

Swaney and Grossmann (1985b) note that the assumption of vertex solutions 
can be relaxed somewhat by carrying out a local search from the solution vertex 
if a descent direction exists and give one example where this approach identified 
a nonvertex worst point. 

Grossmann and Floudas ( 1987) present a complementary approach to eval- 
uating the flexibility index, F. This approach introduces integer conditions which 
for linear constraints allow prediction of the subset of constraints that will be 
active at the solution, based on the gradients of the constraints with respect to 
the operating variables, o. These conditions can be directly incorporated into a 
mixed-integer linear program (MILP). For nonlinear constraints, a modified ap- 
proach is presented to decompose the problem into a series of smaller nonlinear 
programs (NLPs) corresponding to the predicted active constraint sets. In the 
absence of operating variables, this approach reduces to solving the same num- 
ber of NLPs as the number of inequality constraints, with the inequality con- 
straints replaced in each case by a single equality constraint. For general prob- 
lems the method requires that the constraints be monotonic in o for all v. Global 
solutions to the NLP subproblems are guaranteed if the active constraints are 
jointly quasi-concave in o and v and strictly quasi-convex in o for fixed v. This 
approach seems to have little merit for the problems of interest for which the 
required mathematical properties are unlikely to be met. 

Polak (1982) gives a different algorithm for solving the general worst-case 
design problem that attempts to avoid reliance on special convexity or concavity 
properties. The allowable values of v are given by a set of inequalities defining 
a compact subset rather than by simple bounds. Tits (1985) notes an error in 
this algorithm and this method appears to have been abandoned. Tits suggests 
using a vertex assumption or using local searches from all or a subset of the 
vertices at each iteration to improve the likelihood of a global maximum. This 
is not far from the algorithm of Grossmann ef al. 

In a more recent paper Polak and Stimler (1988) note that 

To date, the use of semiinfinite methods in worst-case control system design 
with parametric uncertainty has been extremely limited because of the above 
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mentioned computational problem of evaluating the maximum of the 
constraints. 

The paper also states that 

The most general semiinfinite optimisation problems that are solvable by ex- 
isting algorithms are of the form 

min{.@)lc@) I 0; max c'@, v') I 0, i E { I, ..., I ]  } 

This confirms the difficulty of solving problems with operating variables, 0, in 
a rigorous manner. Note that V represents the ith subset of the uncertain para- 
meter space and not an outer approximation set (VJ.  

The algorithms used for solving this problem are based on the application of 
general global optimization methods, such as grid enumeration, for solving the 
constraint maximization problem without operating variables, 0. When applying 
general global optimization methods to the constraint maximization problem, it 
does not matter greatly whether the set V is defined in terms of simple bounds, 
linear inequalities, or nonlinear inequalities. So long as checking whether or not 
an element v is within V is computationally cheap, the effort to deal with the 
different cases will not vary much. However, as the definition of V becomes 
more complex, it becomes more difficult to find efficient approximations to the 
global optimization problem or special cases for which more efficient methods 
can be applied. For the case of linear inequalities, the vertices of the linear 
constraints provide a natural extension of exploring the vertices defined by the 
bounds. Linear equality constraints on elements of v can be used to eliminate 
uncertain variables and are therefore beneficial rather than detrimental. 

Polak and Stimler (1988) develop approximations to some worst-case con- 
troller design problems which are more amenable to solution. This is accom- 
plished by replacing the constraint 

P V ' E  V' 

c(p, v ) l O  vv E v 

a$, v ) I O  vv E v 
by 

where 

c@, v) I E ( p ,  v) vv E v 

(9) 

This operation is referred to as majorization and allows simpler constraints to 
be used, facilitating solution at the expense of reducing the feasible space for 
p .  This method is not readily applicable to nonlinear dynamic optimization, 
where there is no formula for the constraints; but trading conservatism in design 
for ease of solution can be achieved for the problems of interest by a different 
strategy discussed in Section II.A.2. 
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A more recent paper (Mayne et al., 1990) suggests a technique for reducing 
the number of global maximizations required in outer approximation methods 
by tracking local minima previously identified as global minima until they cease 
to give constraint violations. They recommend gradually increasing the effort 
deployed on constraint maximization at each iteration, provided a constraint 
violation is obtained. 

None of the methods reviewed provides a complete solution to the type of 
problems of interest. They suffer either from making assumptions that are not 
likely to be satisfied or from relying on a computationally unrealistic degree of 
brute force. This review has, however, highlighted a number of methods that 
could usefully be exploited in an algorithm for worst-case design. 

1. Exploiting the heuristic that many local minimizers of constraints lie at 
vertices of the parameter space through vertex searches and local searches 
from promising vertices. 

2.  Constructing suitable approximations to the original problem to make it 
easier to solve while still giving meaningful solutions. 

3. Increasing the effort employed on constraint maximization as the optim- 
ization progresses. 

These ideas are used below in developing a new algorithm. 

2. A New Algorithm for Worst-case Design 

This section presents a new algorithm for design with uncertainty. This al- 
gorithm does not represent a radical departure from previous approaches, but 
rather represents a new variant of the basic outer approximation algorithm dis- 
cussed above. The key feature is the use of approximate global optimization to 
give reduced reliance on convexity properties compared to the algorithm of 
Grossmann et al. discussed above, while not relying on the rigorous but expen- 
sive global optimization methods favored by Polak et al. The algorithm seeks 
to reduce computational cost by relying on local search methods in initial iter- 
ations and by introducing a systematic overdesign factor to the design iterations. 

The discussion below is supplemented by a pseudocode listing in Appen- 
dix A. 

a. General Observations. No operating variables are included in the optimiza- 
tion formulation handled by this algorithm. Such adaptation of system variables 
as is possible is assumed to be embedded in the model via the control scheme 
so that no operating variables are necessary in the optimization problem. This 
gives the optimization formulation 
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where .I@, V) represents an objective function that depends on the design var- 
iables and the set of uncertain variables. This encompasses nominal cost, ex- 
pected cost, and maximum cost. Maximum cost 

(12) 
or a weighted cost 

J ( p ,  V )  = c w;J(p, 1)). V j  E V; (13) 
provide two readily implementable forms of J ( p ,  V). The weights are defined 
so that one particular model (usually a nominal model) can be given a fixed 
weight between 0 and 1 and the other active models are given equal weight to 
make Z N : ~  equal to 1 .  

The algorithm presented could be adapted to the case with operating varia- 
bles. The main problems for extension to this case are as follows: 

I .  The local search procedures are more likely to suffer problems due to 
discontinuities either from changes in the identified local minima with 
respect to o (discontinuity in value or first derivative) or from changes in 
the active set of constraints at a minimum with respect to o (discontinuity 
in  first derivative). This is likely to cause failure to converge to a local 
maximum with respect to v in at least some cases. 

2. The computation time increases as an optimization replaces a function 
evaluation. 

3. The design problem is of much larger dimension than p if the dimensions 
of I )  and the set V, are large. 

The uncertain and variable parameters are assumed to lie within a polyhedron 
defined by simple bounds on the variables (11 E V). The advantage of this 
description is that the boundaries of the uncertain parameter space, V ,  are easily 
identified and many constraint maximizers can be expected to lie at the vertices 
of the uncertain parameter space. Similar advantages could be obtained for more 
general uncertainty descriptions such as linear inequalities, although the imple- 
mentation would be more complex. The extension to uncertain parameters lying 
in the union of multiple bounded sets can be made straightforwardly but has 
not  been implemented. For more general representations of V,  the heuristic of 
exploring vertices has no clear meaning and would have to be dropped, with 
correspondingly greater emphasis on general global optimization techniques. 

Vertex constraint maximizers are not asnrmed, although they are expected to 
be common. Both local and global searches into the interior of V may be carried 
out  as part of the search procedure, the effort expended in finding a new con- 
straint maximum being bounded by user-defined variables. 

In order to obtain a solution in reasonable time, it is extremely important that 
the design algorithm not take too many iterations to identify an outer approxi- 
mation adequate t o  force a feasible design. One method of tackling this is to 
use the method of Mayne er a/. (1990), in which previous local maximizers are 

J ( p ,  V) = €IJ(P, 1,) 5 € vv E V 
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tracked following the update of design variables and both the original and up- 
dated maxima are included in the design set. This is not particularly well suited 
to the case in which many maximizers are expected to be at vertices of V, as is 
typical of engineering problems. It is, however, possible to develop an alterna- 
tive, heuristic method to trade off number of iterations against accuracy of 
solution. 

The method used involves building a projection factor, c,,, into the model. 
Setting cp = 0 corresponds to the actual problem definition. cp > 0 corresponds 
to a performance specification that is more demanding than the actual specifi- 
cation, with the difficulty of the problem increasing with increasing c,,. For each 
set of uncertain parameters (scenario) that is to be added to the scenarios con- 
sidered for design, setting E,, to a value greater than zero should make it more 
difficult to find a satisfactory design. The resulting design, which is able to 
accommodate the selected scenarios with the chosen, nonzero cp, should then 
be more likely to be feasible for all v E V than a design based on the same 
scenarios and cp = 0. This characteristic may allow convergence to a feasible 
solution of the actual problem using fewer iterations of the outer approximation 
algorithm than if E,, were set to zero in the design problems. Faster convergence 
will, however, be at the expense of a degree of overdesign. The final design 
will give an objective function value lying somewhere between the cost of a 
design that gives guaranteed performance for the original specification (E , ,  = 0 
is used in constraint maximization to check feasibility) and the cost of a design 
that gives guaranteed performance for the chosen, nonzero c,, (used in the design 
optimization). 

The appropriateness of this approach depends on being able to find a sensible 
definition of c,,. In engineering problems, performance is typically limited by 
the maximum disturbance magnitude or the maximum or minimum plant 
throughput. The design problems might therefore be solved with throughput 
variations or disturbances scaled up by a factor of 1 + c,, compared to the actual 
scenarios being considered. Feasibility would then be checked by maximizing 
constraint violation with the actual throughput or disturbance conditions. The 
projection factor cp may be large on initial evaluation of designs (where speed 
is at a premium) and be reduced for a more precise optimization of the final 
design (where accuracy is at a premium). 

For this heuristic strategy to be appropriate, the key conditions are as follows: 

1. There should be a sensible way of defining cp, e.g., a fractional increase 
of disturbance amplitude or throughput. 

2 .  Adaptation of the design variables to increased E,, should improve per- 
formance over most or all of the uncertain parameter set, V, e.g., through 
increased steady-state offset from the active constraints or increased pro- 
cess capacity. 
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The first condition is straightforward and usually trivial. The second condition 
is necessary to exclude cases for which increased E,, pushes the design in a 
direction which expands the feasible region locally but creates new constraint 
violations elsewhere in V ,  and hence gives no net benefit. Although this con- 
dition cannot be verified a priori, the heuristic was found to work effectively 
in the design examples (Section V), indicating that this condition is adequately 
satisfied in the problems examined. 

The new worst-case design algorithm is discussed further below following 
the general outer-approximation algorithm structure; constraint maximization, 
initialization, and multi-model design. 

b. Coil rrvuint Musimi:atioiz. The constraint maximization algorithm makes use 
of the heuristic that the maximizing values of the uncertain variables will often 
lie on the bounds. It also uses the idea of progressively increasing the amount 
of effort applied to the constraint maximization as the search proceeds. This 
progressive increase of effort is implemented by stopping the search if a con- 
straint violation is found by the time the previously applied depth of search has 
been completed. If not, the search proceeds further, subject to a specified max- 
imum depth of search. until a constraint violation is found and the effort required 
is recorded to set the minimum effort in the next constraint maximization. 

1 .  In  the early iterations of the design, local vertex searches as used by 
Grossmann and Swaney provide an efficient way to generate new maxi- 
mizers and push the design toward the required robustness. Local searches 
from a subset of the vertices may be used to try to identify nonvertex 
maximizers. nlocl,,,, is set to limit the number of local searches used to 
supplement the local vertex search. p?: defines the maximum depth of 
the local vertex search. See Appendix A for further details. 

2. If the local search methods are unsuccessful on any iteration, global search 
procedures are activated for use in all subsequent iterations. In global 
constraint maximization, vertex enumeration may be used (if the designer 
has selected this by setting ivert = 1). A multi-start random search may 
be used in which the random search is biased toward the vertices by 
specifying an a priori probability for each variable lying on a bound at 
the worst case (pvert). When an increased value for the maximum con- 
straint is found by the random search, a new local search is initiated. The 
number of random points examined is limited to tirand,,,,. The number 
of local searches allowed during the global phase of the search is limited 
to rdoc2,,,,,. Local searches are initiated whenever a global search proce- 
dure identifies an increased value of c,,, for which dc,,,ldv indicates an 
ascent direction within V .  The use of pvert was found to be essential for 
an effective random search as nonvertex maximizers usually have only 
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one or two values away from their bounds and these can often be identified 
by a priori physical argument. 

3. Both local and global searches stop either when the computational effort 
employed exceeds the maximum used in previous iterations and a con- 
straint violation has been identified or when the specified maximum effort 
has been employed unsuccessfully. This ensures monotonically increasing 
search effort as the outer approximation improves and the design 
converges. 

This approach provides the flexibility to trade off confidence in final solution 
against the constraints of finite computational power, making extensive use of 
appropriate heuristics to improve efficiency of solution. The philosophy in ap- 
plying the heuristics is to use cheaply obtainable constraint maximizers to push 
the design toward its final form before applying the more expensive procedures. 

In carrying out local searches for 

max max ck@, v) 
v E V  kEK 

it is desirable to find the solution in a single NLP problem while avoiding the 
nondifferentiability of the optimization problem above. A differentiable approx- 
imation to maxkEK ck(p, v) of the form 

can be used. This approach is preferred because 

max Cmax 
V E V  

requires the solution of fewer NLP problems for a local search than the more 
obvious approach to avoid nondifferentiability 

max max ck(v, x) 
k€K v € V  

When Ek > 0, the algorithm must decide whether to add the original model 
or the projected model to the outer approximation set vk. If applying ep gives 
an increased value of cmax, the projected model is added; otherwise, the unpro- 
jected model is added. 

c. Initialization. Initialization includes defining the sets V and P .  Set V is de- 
fined in terms of simple bounds on the design parameters; P may be defined by 
a mixture of simple bounds and more general constraints on p as this does not 
imply any increase in complexity. These constraints are simply added to the 
outer approximation constraints for each design iteration. 
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The initialization must also define the parameters controlling the maximum 
effort to be applied to the optimization. At one extreme, the search could be 
limited to a crude vertex search by excluding vertex enumeration (iverr = 0) 
and random searches (nrnnd,,, = 0) and setting p:::: 2 1 to limit the depth of 
the vertex search. At the other extreme, vertices could be exhaustively enumer- 
ated (iiw-t = I )  and extensive random searches carried out (nmrzd,,, > 2“’, 
where t i ,  is the number of uncertain parameters). The initial vertex exploration 
can be supplemented by up to rilocl,,,, local searches and the global searches 
can be supplemented by up to tiloc21na, local searches. Setting nlocl milx and 
nloc2,,,,,, to about 10 effectively removes any constraint on the use of local 
searches. 

p\irrt sets the probability of the worst-case parameter value being at an upper 
or lower bound. Unless there is a physical reason to expect a worst case that is 
not at an extreme, this should be set in the range .8-.999. 

c,, must be set to control the degree of precision used in solving the problem. 
Values of 05-.2 are typical. 

Initialization must provide an initial outer approximation, V,), on which to 
base the design. The selection of the nmods parameter set(s) making up V, may 
be based on prior judgment or analysis (first nset elements of V,) or it may be 
based on a simplified constraint maximization algorithm (the remaining ele- 
ments). Grossmann et d. ( 1983) use the gradients of the constraints at a nominal 
point to make a prediction of the set of vertices maximizing the individual 
constraints. An initial application of a local vertex search algorithm (see Ap- 
pendix A)  to each constraint seems more appropriate. Only distinct vertex max- 
imizers corresponding to violated constraints are included in the initial set. as 
there is a high computational cost for including unnecessary points. If 6,’ > 0, 
then either- the projected or the original point identified by the constraint max- 
imization is included i n  V,, depending on which gives the larger violation of 
the constraint. Including both points will usually give no benefit while doubling 
the computational effort in the first design iteration. 

d. Mirlfiniodrl Design. In the multimodel design stage, it is desirable to carry 
out the design with the minimal set of models that define the optimum while 
not dropping and reidentifying models that do affect the solution. The approach 
adopted is to predict the “active set” of models. design with this active set, and 
check the solution against all models identified; then if any additional model 
indicates constraint violations, add it to the predicted active set and rerun the 
optimization. The active set used is formed from all models that have been active 
for at least one of the previous three design iterations or have previously had 
to be added back at the end of a design optimization. Although quite heuristic. 
this strategy appears reasonable. 
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The use of the ‘‘E,,” heuristic can potentially slow convergence if the unpro- 
jected constraint maximizers included in the multimodel design become active 
again as the design progresses. This behavior would not be expected in typical 
problems-nor has it actually been observed-but it is guarded against by 
checking the unprojected models at the same time as other inactive models and 
adding them to the design set if necessary. 

e. Some Practical Considerations. It is important to emphasize that, despite the 
measures introduced to make the worst-case design algorithm more efficient, it 
is not practical to deploy the global optimization capabilities using more than 
about 10 uncertain parameters for dynamic problems or about 15 for steady- 
state problems. This means that the engineer must exercise judgment as to the 
key parameters to be given the most rigorous treatment. Engineering judgment 
may identify some variables that are expected to make all performance measures 
worst at one extreme of their range or groups of parameters that have an essen- 
tially equivalent effect. This may allow elimination of many uncertain para- 
meters on a fairly rigorous basis. Other parameters whose influence is unclear 
but judged to be minor may be frozen at nominal values if necessary to get a 
problem of reasonable size. Uncertain cost parameters, which appear only in the 
objective and not in the model equations or constraints, may be conveniently 
dealt with by evaluating the expected objective over these parameters and elim- 
inating them from the optimization level. 

B. SCREENING TOOLS FOR DISTURBANCE REJECTION 

It is often important to get a rough solution to a design problem quickly. This 
may be critical in the early stages of a project, when many alternatives are being 
considered and when the problem definition is still changing rapidly. Under 
these circumstances, detailed modeling and analysis may be too slow and too 
costly to be effective, but key design decisions still have to be made. Screening 
methods are required which allow rapid assessment of alternative designs. This 
section reviews some screening methods proposed in the literature and presents 
an improved method for analyzing the effect of delays on achievable disturbance 
rejection. 

Within an integrated design procedure, steady-state modeling and optimiza- 
tion may be used as a screening tool within the overall process of developing 
a design that can meet the performance requirements at all times and over all 
uncertain parameters. In the second Shell Process Control Workshop (Prett et 
al., 1990), Campo et al. use steady-state design with uncertainty as a screening 
tool for linear systems. They use the method of Grossmann et al. discussed 



322 STEVE WALSH AND JOHN PERKINS 

above. Our modifications of this method are used for this purpose in the design 
procedure presented below. 

Here, we focus on screening tools, addressing dynamic performance in re- 
sponse to disturbances and uncertainty. 

1. Review 

Methods relevant to assessing the effect of dynamics may be divided into 
two groups: controllability indicators and design validation tests. Controllability 
indicators may be used to direct designers away from options that are likely to 
be difficult to control but have an inherent ambiguity when weighed against 
economic considerations. Design validation tests should determine whether any 
design within a group of possible designs might achieve the required perform- 
ance, without actually having to select a working design. If such tests can be 
carried out efficiently, they are particularly useful as they are unambiguous. 

a. Controllability Indicators. Controllability indicators provide a qualitative in- 
dication of how difficult a plant will be to control; they cannot, however, easily 
be related to the economics and operating constraints for a particular problem. 
This means that the controllability indicators cannot be weighed on the same 
scales as the process economics. Within this framework, a choice between a 
plant with good steady-state economics but poor controllability indicators and 
one with inferior steady-state economics but better controllability indicators can- 
not be made without a judgment of how much the better controllability indicators 
are worth. In addition, there are multiple controllability indicators which are 
likely to give contradictory messages for any given plant. Finally, controllability 
indicators are usually based on linear models of the system to be controlled, 
leaving the effect of the nonlinearity of the true plant and process unexamined. 
Controllability indicators can play a useful role in highlighting when difficulties 
might arise, but they cannot be used to rigorously eliminate design options. Their 
main use in this context is to provide the designer with information that may 
be of assistance in finding a base-case solution quickly. A review of controlla- 
bility indicators is presented in Morari (1992). 

b. Design Validation. The design validation problem is to determine whether 
performance requirements can be met without actually carrying out a full design. 

The controller validation problem of determining whether any controller ex- 
ists which will allow a particular plant design to meet its performance require- 
ments under process disturbances and uncertainty has been given particular at- 
tention. The Fundamental Process Control methodology (Prett and Garcia, 
1988) addresses this validation problem as an integral part of the approach to 



OPERABILITY AND CONTROL IN PROCESS SYNTHESIS AND DESIGN 323 

control system design advocated. Their approach is of general interest as it 
represents an attempt in the control area to deal with uncertainty and constraints 
systematically. It is emphasized that a problem specification for a control system 
design, using their approach, should contain quantitatively defined objectives 
and constraints together with a process model and an uncertainty description. 
The design problem is divided into two stages-validation and analysis. The 
validation stage attempts (1) to determine whether performance requirements 
can be satisfied irrespective of controller structure and type, and ( 2 )  to allow 
the performance indices to be refined if necessary before moving on to the 
analysis of the worst-case performance of particular control system designs. 
Such an objective is clearly desirable, so it is important to consider both some 
specific problems with their formulation and some general problems in separat- 
ing validation from analysis. 

Prett and Garcia (1988) pose the validation problem as a discrete time linear 
optimal control problem under uncertainty. The uncertainty is defined by simple 
bounds, giving a polyhedral set of uncertain parameters V. For this problem, 
certain forms of uncertainty, e.g., in gains only, together with a quadratic per- 
formance index can be shown to satisfy the convexity requirements for the 
worst-case parameters to lie at vertices of V. This allows the algorithm of Gross- 
mann et al., based on examination only of vertices of V, to be applied (see 
Section 1I.A. 1). The mathematical formulation is 

subject to bounds on the outputs y, the control moves Au(k), and the control 
values u(k).  Here, y, is a vector of target values for the outputs, and W, and Wu 
are weighting matrices for deviations from target values and control moves, 
respectively. This formulation implies that the controller has no knowledge of 
the uncertain parameters, i.e., that the controller operates completely blindly. 
This assumption can cause this validation problem to give very pessimistic 
results. 

Consider, for example, a typical stable system, y(s) = (kle-k2s/(  1 + k3s)) u(s), 
which is known exactly except for an uncertainty in k l .  It is required that the 
control bring the system from a given initial condition to target steady state at 
some arbitrary time in the future in the absence of disturbances. Each possible 
input sequence, u(k),  achieves this for one and only one value of k l .  The vali- 
dation problem formulation above will therefore indicate that no controller exists 
satisfying this problem specification. In fact, any PI controller giving a stable 
closed-loop system will achieve the performance specified. 

The problem of performing the validation irrespective of the control system 
is confirmed by Garcia in the Second Shell Process Control Workshop (Prett et 
al., 1990): 
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I n  a nutshell. since the optimization problem . . . does not consider any con- 
troller explicitly, it  searches for a j x e d  sequence of moves into the future that 
meets all performance criteria for all plants in the uncertainty description. This 
can be shown to be impossible for trivial cases. . . . Our current thinking is 
leaning towards solving the design unn[ysis problem . . . for the most com- 
prehensive controller that the designer can implement (e.g. DMC) and use this 
controller for validating design decisions. 

The analysis problem for DMC itself is as yet unsolved. Garcia also notes the 
limitations of the use of linear models: 

Most likely. if a controllability problem arises it  is probably due to nonlinear- 
ities. In such cases a linear process representation may not be sufficient to 
allow the solution of the problem requiring the use of a more detailed or so- 
phisticated model. Therefore, the procedure should include the option of finding 
a nonlinear description and solving the nonlinear control problem under 
uncertainties. 

Leaving aside the emphasis on DMC and the limitation of the design to control, 
this is consistent with the design approach used here (see Section 1I.A). 

A possible method of salvaging the validation problem is to solve borh a 
minmax (Eq. 18) and a maxmin optimal control problem: 

If the maxmin analysis indicates the problem to be infeasible, it is indeed in- 
feasible as there exists some 1’ for which no input sequence can be found to 
satisfy the performance specification. If the minmax problem indicates feasibil- 
ity, there is some $-red input sequence which satisfies the constraints for all 1’. 

For an optimal control problem, the complementary maxmin problem is 
equivalent to the controller having perfect knowledge of the plant parameters 
and disturbances, including fufure disturbances. This formulation could be 
termed the “crystal ball” approach to control. For many problems, the crystal 
ball control will be successful, but this says very little about whether any re- 
di,-cihk control system exists that can meet the performance specification. 

The most likely outcome of solving the complementary maxmin/minmax 
problems is that the maxmin problem is feasible (for each v there exists an input 
sequence that can satisfy the constraints) and the minmax is infeasible (there is 
no single input sequence that can satisfy the constraints for all v). This is un- 
fortunate. as this outcome is the least informative as to whether a realizable 
controller exists. 

For example, optimizing control moves for disturbance rejection in a blending 
system subject to step disturbances of variable magnitude would give perfect 
disturbance rejection for a maxmidperfect-knowledge formulation and a poor 
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(possibly infeasible) disturbance rejection for a minmaxho-knowledge formu- 
lation. This arises as disturbances can be canceled at the system inlet by ad- 
justing flows to maintain the correct blend; thus the blending system is essen- 
tially a mechanism for compensating for model uncertainty, particularly 
uncertainty regarding the disturbances. The merit of a particular blending system 
lies in how effectively it compensates for lack of knowledge and facilitates 
extraction of knowledge. The mathematically convenient extremes of no knowl- 
edge and perfect knowledge do not provide good bounds on performance for 
this type of problem. This means that useful results are unlikely unless the 
mechanism for knowledge extraction is embedded in the optimization by im- 
plementing a control system in the model used to evaluate performance. Unfor- 
tunately, this destroys the desirable separation between design validation and 
design analysis. 

An additional point with regard to the use of combined maxmidminmax 
optimal control formulations is that they give rise to problems of comparable 
or greater difficulty to carrying out a worst-case design (Section 1I.A) with a 
specified control system. Given that the bounds they produce for performance 
are generally loose as discussed above, they do not seem to be an efficient use 
of resources in a design procedure. 

2. A Screening Test for Disturbance Rejection in Nonlinear Processes Subject 
to Time Delays 

Time delays are a feature of many process systems. Where present, they 
imply a fundamental limitation on achievable performance that no feedback 
controller, however sophisticated, may overcome. In this section, a screening 
test for analyzing achievable disturbance rejection in dynamic systems involving 
time delays is presented. The test is based on calculating the minimum time 
before a feedback control system can begin to counteract a disturbance and 
testing whether the open-loop response violates a constraint before this time has 
elapsed. Passing this test is a necessary condition for the existence of a controller 
that can meet the specified disturbance rejection requirements. A variation of 
this test can be used to calculate the fraction of the disturbances that can be 
rejected. This provides a measure of controllability that can be used to judge 
whether an implementable control scheme is likely to be successful. The method 
includes consideration of process and disturbance dynamics and can be applied 
to uncertain multivariable nonlinear systems. 

Previous process controllability work on analyzing the effect of delays on 
achievable control performance has centered on defining and computing the 
effective delay(s) in multivariable systems. This work has generated some useful 
controllability measures, which are reviewed below, but does not in itself pro- 
vide an answer to the key question of whether a particular disturbance can 
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potentially be rejected by control action so as to avoid constraint violations. This 
section presents a method for extending the earlier controllability measures to 
answer this question directly and unambiguously. 

ci. Rpvieul of Previous Work. Previous work on controllability analysis of sys- 
tems with delays has centered on calculating the effective delay associated with 
niultivariable systems. Holt and Morari ( 1985) present several measures of the 
effective delay. The first measure is the set of minimum delays from any input 
to each output. This provides an obvious lower bound on the time for control 
action to reach each output. i n  this paper they note that this bound may not 
always be achievable with a stable causal controller. The minimum delays to 
make a change in each output without disturbing any other output are computed 
to provide an achievable upper bound on the minimum delay associated with 
each output. Perkins and Wong (1985) provide an alternative approach based 
on functional controllability analysis, computing the minimum delay before an 
arbitrary trajectory can be imposed on each output independently. This corre- 
sponds to the maximum of the upper bound delays computed by Holt and Morari 
and has the virtue of providing a single measure of the effective delay. Holt and 
Morari demonstrate that increasing delays in the process dynamics can improve 
the achievable decoupled response subject to delays. 

These measures of delay all provide useful indicators of the effective delay, 
but they do not in themselves indicate whether the effect of the delay prevents 
a disturbance from being rejected before causing constraint violations. In Holt 
and Morari‘s analysis, the disturbances are assumed to appear as steps on the 
outputs, making the question of whether the disturbance causes constraint vio- 
lation trivial. In practice, disturbances are often well approximated by steps, but 
the effect of the step usually propagates dynamically through part of the process 
before affecting the outputs. This means that the effect of the process dynamics 
in attenuating the disturbance should be included in order to assess disturbance 
rejection. 

It should also be noted that the analyses of delay times discussed above do 
not distinguish between feedback and feedforward control. In practice, distur- 
bances may often be measured with a smaller delay than the delay between the 
disturbance and any of the constrained outputs. This allows feedforward control 
to make a contribution to achievable control performance which should be con- 
sidered explicitly. 

A common performance estimation method in “classical” single-loop feedback 
controller design is to check the open-loop disturbance rejection of a system up to 
the point in time at which the controller action is assumed to take effect. If con- 
straints are violated during this time, the controller cannot prevent the violation. 
The use of this test can be traced back to Velguth and Anderson (1954). 
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They consider a single disturbance, a fixed linear process model (series lags), 
and a heuristic estimate of the controller response time based on the sum of 
delays and minor lags in the control loop. This estimate of the delay is based 
on trying to approximate the peak in the response of a proportional-integral- 
derivative (PID) controller, and a number of variants (including computing the 
response time by using the Ziegler-Nichols rules for computing effective delay) 
have appeared, e.g., the work of McMillan (1983). This analysis directly ad- 
dresses achievable disturbance rejection, but does so in a heuristic manner which 
does not provide a rigorous bound on performance, even for the special case of 
PID controllers. 

The analysis presented below draws on both the areas of previous work 
discussed above to develop general and direct methods of determining whether 
the effect of delays prevents control action from meeting constraints. 

b. Analysis of Delay Efsects on Disturbance Rejection. The basic technique in 
the methods discussed below is to compute the open-loop response to the dis- 
turbance over the interval from disturbance onset to the minimum delay for 
effective controller response elapsing. Any constraint violations up to this time 
indicate that even ‘‘ideal delay-limited control” is not adequate. Success with 
ideal delay-limited control is a necessary, but not sufficient condition for success 
with an implementable feedback controller such as PI (see Fig. 2). 

The response of the ideal delay-limited controller is not specified, but is 
assumed to be able to prevent constraint violations after the minimum delay has 
elapsed. 

This test is particularly useful for disturbances such as steps and pulses be- 
cause their full impact is felt immediately. However, the test is not restricted to 
these disturbances and may also be used to consider the initial effect of sinu- 
soids, ramps, or other disturbances. 

It should be noted that if the open-loop response is evaluated by numerical 
integration, there is no requirement for linearity of the process model. Conven- 
ient analytical solutions can be found for some linear systems, such as series 
stirred tanks with instantaneous reaction and constant flow. 

The discussion below covers 

1. the definition of the minimum delay 
2. the formulation of feasibility tests for disturbance rejection 
3. the formulation and interpretation of a controllability measure 
4. the simplified analysis for series stirred tanks. 

c. DeJnition of the Minimum Delay. For a single-inputlsingle-output system 
with a single disturbance entry point, the time between a disturbance occurring 
and the controller response beginning to take effect, td, is made up of the time 
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FIG. 2 Ideal and PI control 

delay between the disturbance and the measured value (rd,,,) and the delay be- 
tween the manipulated variable and the measured value (to(, !): 

'The main complication for multivariable systems with a single disturbance 
entry point or multiple independent disturbance entry points is generalizing fd  

for each cowtrained output. For a general multivariable controller with inputs 
14, and output5 J; the generalization, for output v;. is 

This expression for the minimum delay from control action to the constrained 
output J',, min!{t",,,,> 1, corresponds to Holt and Morari's lower bound on the 
minimum delay. Use of their upper-bound values is not appropriate in general, 
as they are based on a requirement for decoupling which may not be necessary 
or even desirable for disturbance rejection. If decoupling is assumed to be an 
additional performance requirement, the upper-bound delays could be substituted 
for those used. It should be noted that, in the absence of a decoupling require- 
ment, r,! and hence the predicted disturbance rejection. can never be improved 
by increasing any process delay. 

Situations will arise in which paths with minimal delay are technically present 
but are not realistically useful. For example, pressure variations in a distillation 
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column may accompany disturbances affecting composition, but do not readily 
provide a means of countering such a disturbance. In general, only certain ma- 
nipulated variables, uili € $, will have a strong enough effect on y j  to be able 
to counter the disturbance. Similarly, the disturbance can usefully only be de- 
tected by using a subset of the measured variables, y,b E Jd. These restrictions 
combine to eliminate weak connections which would form no practical control 
feedback paths and prevent unrealistic solutions. In assessing the effect of con- 
trol structure, it is necessary to impose a particular control structure in which 
only certain inputs, u,li E c, are connected to certain measurements. Combining 
these restrictions gives 

The difference between feedforward and feedback control can be conven- 
iently represented by using an additional unconstrained measurement with the 
appropriate delay in relation to the disturbance to represent the feedforward 
measurement. The effective delay will usually be less for feedforward than for 
feedback control, giving an improved bound on disturbance rejection. 

d. Feasibility Tests. For a nominal process model, the test for feasibility of 
disturbance rejection is 

3p E P s.t. max max (c&, t ) )  I 0  (23) 
k E  K TE [O,r&] 

where t& is the minimum delay associated with the kth constraint ck, and p is a 
vector of design parameters lying in the set P .  

In general, there will be uncertain or variable properties to consider and it 
will be required that the constraints be satisfied for all combinations of the 
corresponding uncertain parameters. This uncertainty is assumed to be para- 
meterized by a parameter vector v, the values of which lie within a polyhedron 
V. v may include both parameters defining the possible disturbances and model 
parameters affecting the initial open-loop response, such as biases on measure- 
ments used for control. 

Assuming that the effect of control in steady state is defined by a set of 
controller setpoints and fixed values for a subset of uncontrolled inputs, it is 
appropriate to use a worst-case design formulation in which a single choice of 
p is required to accommodate all possible values of the uncertain parameters. 
In other words, the only steady-state adaptation to uncertainty is that implicit in 
the choice of controller setpoints. This is potentially conservative; however, it 
is a fair approximation to industrial practice, where minimizing the need for 
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operator intervention and control system adjustment is often desirable in normal 
operation. The feasibility test then becomes 

i\ more general formulation allows certain variables (o) ,  known as operating 
variables, to be adjusted in response to the variation in the uncertain parameters. 
As discussed in Section II.A, this formulation is more difficult to analyze and 
will often give inappropriately optimistic results. The formulation with operating 
variables is, however. given below for completeness. 

3p E P s.t. max max max max {ck(l), v, o. r ) }  I 0 ( 2 5 )  
LEV oEO k E K  E[0.1</,] 

V = [ \ ,  I -A\ , -  2 v 5 A\’+} 

If desired, an objective function, min J ( p , V ) ,  could be combined with any of 
the above constraint formulations to obtain the optimal feasible value of p .  For 
example, p might include capacities of equipment and setpoints for the outputs, 
y. and the objective J(p ,  V) might be annualized cost. The optimized cost would 
then give a rough estimate of the effect of process disturbances and dynamics 
(and uncertainty) on the optimal process cost. 

Optimization problems based on ideal disturbance rejection with delays, as 
above, are much easier to solve than the corresponding problem involving design 
of a specific controller for the following reasons: 

I .  The timespan to be simulated is much less than would be required for 
controller design. 

2 .  A controller need not be included in the model, thus reducing model 
complexity and the number of design variables. 

3. The number of uncertain parameters required to model uncertainty is re- 
duced as some parameters. such as those associated with measurement 
dynamics, do not affect the open-loop response. 

Thcsc problems have the additional advantage that they provide a result that 
bounds the performance of a set of controllers rather than just a particular con- 
troller considered in a full design. The “ideal delay-limited control” analysis 
has been found in the case studies (Section V) to provide a useful bound on the 
performance achieved with implementable controllers. 

In some problems, the delays will themselves be functions of the parameters 
p and 1 3 .  This introduces a potential problem for the optimization in that, even 
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if each delay is a smooth function of the parameters, the path determining the 
minimum delay may change, introducing a discontinuity. This might require the 
use of nonsmooth optimization methods. As noted by Gill et al. (1981), smooth 
algorithms may often be successful on problems such as those with occasional 
discontinuities and should be tried first. 

The optimization problems above may be used to provide a rigorous bound 
on the achievable performance if delays are calculated as discussed in Section 
II.B.2. If it is desired to obtain a heuristic estimate of performance rather than 
a rigorous bound, the control response delays, td",,,,, within control loops could 
be replaced by heuristic values such as d2w,, where w, is the frequency (radls) 
at which the phase shift of the dynamic response between the input and output 
is ?r radians. This heuristic corresponds to making td = t,l4, where t ,  is the 
natural (ultimate) period of the loop (i.e., the period of oscillation of an open- 
loop stable system when the feedback gain is just sufficient to sustain an oscil- 
lation). The heuristic delay, tJ4, is nearly equivalent to the rigorous method for 
process dynamics consisting of a small pure delay and a large first-order lag. 
An example presented in Section V.A.3 confirms this heuristic to be effective 
in considering PI control of pH in a stirred tank. 

e. Controllability Measure. The feasibility test is useful in itself, but a positive 
or negative result raises additional questions. 

1. If the test indicates that control performance may be adequate for several 
different processeslcontrol schemes, which of these should be pursued in 
detail first? 

2 .  If the test indicates that feedback control would fail but feedforward con- 
trol might succeed, what can be said about the likely success of a com- 
bined scheme? 

One way of addressing these questions is to determine what fraction of the 
disturbance, Sf, can be handled by particular schemes assuming ideal delay- 
limited control. The likelihood of success for alternative schemes can then be 
estimated from the value of this fraction. Combined feedforwardlfeedback con- 
trol is unlikely to be successful unless the relative feedforward error due to 
measurement and modeling errors is less than the calculated Sf for feedback 
control. That is, if Sf without feedforward control is x%, the feedforward must 
be accurate to within fx% of value for the combined control to have a chance 
of success. In considering otherwise comparable design alternatives, the alter- 
native with the larger Sf should be pursued first. The disturbance fraction 
therefore represents a useful controllability measure to guide further design 
effort. 
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To calculate the disturbance fraction, it is only necessary to include it in the 
model and apply the optimization formulations discussed above using J(p ,  v) 
= -6, as an objective: 

.f: Siinplified Aiia1yi.s .for Series CSTRs. Although general problems require op- 
timization of a nonlinear dynamic model as discussed above, the analysis can 
be greatly simplified for some special cases. The case of particular interest for 
the problems considered later is that of continuous-flow stirred-tank reactors 
(CSTRs) in series. In this case, it is desired to add reagent so as to keep vari- 
ations in the net concentration of effluent and reagent, cner, at the exit of the 
last tank below a certain level, 6,.,,,,, in the face of step disturbances in the inlet 
concentration of magnitude L$.,,,,. This objective can be expressed as a required 
disturbance attenuation. 6<., where 

If the reagent flow is much less than the effluent flow and the disturbance is 
symmetric (equally severe with respect to the upper and lower constraints), the 
equation 

Fr,, - Fr, 

2 hFr 
6,. = 

can be used. where I F r  is the change in reagent flow required to cancel the 
disturbance and Frl, and Fr, are the maximum and minimum reagent flows to 
remain within the exit limits. 

It can be shown that the unit step response of IZ tanks in series with mixing 
lag tc,t,,, and no delays is given by 

Given the minimum delay ti in the control response relative to the disturbance 
response at the treatment system exit (t( ,  = t,, - tdd,, where y is the exit measure- 
ment), the best possible disturbance attenuation, a,,, is given by 
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Tanks of different sizes may be analysed similarly, giving 

If the reagent added to each tank is based on concentration measured at the tank 
exit without any measurement delay, then r; will simply be the minimum value 
of tdmlX, where td,,, is the delay between reagent addition and measurement re- 
sponse due to imperfect mixing. 

To take account of the effect of uncompensated minor time lags on the per- 
formance of PI controllers, replace t; in the above formulas by the minimum 
value of t,/4, where t ,  is the natural period of a control loop around a single 
tank. Using this effective t; makes the calculated performance bound heuristic 
rather than rigorous. A good default is 10 seconds for f; when estimating the 
best practicable performance, while the heuristic method will give typical t; 
values of about 30 seconds. 

Similar expressions can be derived for responses to ramp disturbances. If the 
disturbance is a decaying exponential, then this is equivalent to an extra lag on 
a step disturbance, and the response can be evaluated by using the formulas for 
non-equal-sized tanks. The improvement in achievable attenuation from re- 
placing a step by an exponential disturbance of time constant 7’ or a ramp 
reaching a new steady value after 7’ is approximately Q ( n  + 1 ) ~ ’ .  

c. OPTIMIZATION OF DYNAMIC SYSTEMS 

Dynamic optimization is an important subproblem underlying both dynamic 
worst-case design (Section I1.A) and the general version of the disturbance re- 
jection test (Section II.B.2). Here, we address methods for solving such problems 
and discuss the approach we have taken in our work. 

The optimization problem of interest is 

min J ( X ( t f ) ?  z c q ,  u(Q) 
u(t) 

s.t. f(i, x, z ,  u(t) ,  t )  = 0 
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where J is the objective of the optimization, u ( f )  is a vector of optimization 
parameters that may vary over time,fand g define a model that will in general 
constitute a mixed system of differential and algebraic equations (a DAE system) 
with differential variables .r and algebraic variables z, q defines path constraints 
that m u t  be satisfied at all times. and L and M define interior point constraints 
that must be satisfied for a discrete set of times @. 

It should be noted that u ( t )  in formulation ( 3 2 )  can be replaced by time- 
invariant parameters $ by parameterizing the variation with time variation ex- 
plicitly. e.g., by using a piecewise linear function of time. This allows standard 
finite-dimensional optimization methods to be applied and is the approach 
adopted in our work. 

Dynamic optimization is a rapidly maturing field which we will not review 
in detail. Approaches can be distinguished by 

whether the dynamic equations are solved by conventional simulation tech- 
niques (feasible path) or as part of the optimization using approximation 
techniques to transform the problem to algebraic constraints (infeasible 
path) 
how constraints on values of variables over time (state or path constraints) 
are dealt with (see below) 
how gradients are calculated, e.g., adjoint equations or sensitivity equations 
the optimization methods applied, e.g., SQP, iterative dynamic program- 
ming. 

A general review is given by Biegler (1990). 
Our judgment is that feasible path methods in which the solution of the model 

equations over time is carried out by conventional integration software, which 
has been extensively developed and refined, are at present more reliable than 
infeasible path methods. Feasible path optimization methods are also easier to 
implement as the size of the optimization problem is much smaller. For these 
reasons. we have pursued feasible path methods despite evidence that infeasible 
path methods are more efficient on some problems. 

We have used sensitivity equation methods (Leis and Kramer, 1985) for 
gradient evaluation as these are simple and efficient for problems with few 
parameters and constraints. In general, the balance in efficiency between sen- 
sitivity and adjoint methods depends on the type of problem being addressed. 
Adjoint methods are particularly advantageous for optimal control problems in 
which the inputs are represented as a large number of piecewise constant input 
values and few interior point constraints exist. Sensitivity methods are preferable 
for problems with few parameters and many constraints. 

We have chosen to use an SQP method (Chen, 1988) as the basis for local 
solution of the dynamic optimization problem. This choice is based on the po- 
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tentially rapid convergence of this method and its computational efficiency on 
small problems. 

We present below some easily implementable methods for improving the 
robustness and efficiency of feasible path dynamic optimization codes which 
have proved useful in our work. Here, we cover methods for preventing simu- 
lation error from disrupting optimization, representation of path constraints, and 
handling poor local approximations during the optimization. 

1.  Noise Control 

All numerical integration methods solve problems only approximately and 
will usually provide some error control tolerances to adjust the accuracy of the 
solution. Typically, these include an absolute and relative tolerance on the local 
error during integration (atol and rtol), an event tolerance for the location of 
discontinuities (evtol), and a tolerance for the precision to which the equations 
must be satisfied on initialization (sstol). Generally, rtol and atol are combined 
to give an error control weighting, wi = rtollyil + atol, and are often given the 
same value. For feasible path dynamic optimization, these tolerances must all 
be chosen so that they meet the following criteria: 

1. The numerical solution of the equations does not in itself introduce a 

2. Noise or precision error does not seriously disrupt progress of the optim- 

3 .  The computation time used does not substantially exceed that required to 

The first requirement is generally easily met as the error in the equation 
solution typically becomes small compared to overall modeling error for mod- 
erate values of the error control tolerances. The tradeoff between the second and 
third requirements is more difficult and depends on the particular numerical 
characteristics of the system equations and the particular values of the optimi- 
zation parameters. It is desirable to have some means of estimating and adjusting 
the precision error to optimize this tradeoff. This requires that the precision error 
be estimated, its effect on the optimization assessed, and the integrator tolerances 
adjusted appropriately. 

significant modeling error. 

ization, thus causing slow convergence or failure. 

satisfy these requirements. 

a. Estimating Precision Error. When the sensitivity method for evaluating gra- 
dients is used (Dunker, 1984; Leis and Kramer, 1985), the system equations are 
reintegrated during the gradient evaluation following a successful line search by 
the optimizer. The variable trajectories (x’(t), z”(t)> generated during the gradient 
evaluation are not identical to the trajectories generated previously (x(t), z(t)). 
The difference is due to the jacobian of the system equations, which is used in 
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the iteratile solution of the equations being updated more frequently when cal- 
culating gradients than when just integrating the model equations. 

The precision error in the variables can be estimated by using the formula 

(Gill et d., 198 1 ) based on successive differencing of variable values generated 
using closely and uniformly spaced parameter values. Numerical trials indicate 
that 

6(J) = I \ '  - (34) 

is comparable to €0). The values often agree to within about 2010, with 6(y) 
usually being greater than ~ ( y ) .  As ~(j.) requires about six extra integrations to 
generate. there is a clear case for using &y), which is available without additional 
system integrations, as an estimate of the precision error. 

This estimate strictly addresses only precision error in the variable trajector- 
ies. and not errors in the gradients. However, as noted by Dunker (1984), the 
gradients given by the sensitivity method are exact gradients of the computed 
solution trajectory regardless of truncation errors. This suggests that controlling 
the accuracy of the integration of the DAE system will generally be sufficient 

to gile accurate gradients. Numerical experience indicates that E ( ~ ~ ~ ) / l ~ l  - is 

indeed comparable to c(y)/Iyl. This experience is all based on sensibly scaled 
problems with values of y and d, ldB,  within a few orders of magnitude of 1, but 
does support the suggestion that control of the variable accuracy is sufficient to 
control the gradient accuracy. 

If the sensitivity method is not being used to generate the gradients, the 
precision can be computed using extra integrations to generate E(v). This esti- 
mate could be mapped straightforwardly to precision error in gradients calcu- 
lated by numerical differencing. Estimating errors in the gradients calculated 
using adjoints would require additional integrations of the adjoint equations to 
generate ddy lX3 , ) .  

2.  E w l u d i i g  E8kc.t o t i  Opt i inixr  

The estimated error in objective and constraint values may be mapped 
through calculations i n  the optimizer to determine whether the noise is likely to 
impede progress. The appropriate measure will depend to some extent on the 
optimization code used. Noise in the objective and constraints may interfere 
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with the evaluation of the optimizer termination conditions or with comparisons 
between performance with different values of the optimization variables, e.g., 
during a line search. Noise in the gradients may result in selection of a search 
direction that is not a descent direction, particularly if the descent direction is 
chosen using a second-order algorithm with an ill-conditioned Hessian estimate. 
The Hessian estimate may itself be degraded by noise in the gradients. 

A typical SQP termination condition for a constrained optimization problem 

min J(8) 
e 

subject to ci(@ = 0, i = 1 ,  2 ,  ..., meq (35) 

ci(6) 5 0, i = meq + 1, ..., m 

is 
rmea m 

max C lcil + C max(0, ci), I i =  1 i=meq+ I 

where h is the vector of estimated Lagrange multipliers, & is the step estimated 
from the quadratic program on the kth iteration, and optucc is the specified 
optimization accuracy. 

Comparisons between points are usually based on some form of merit func- 
tion, P,,,, e.g., 

mea m 

where the penalty parameters pi are closely related to the IXil. 
Controlling the combined precision error 

approximately controls the noise in the termination condition and merit function. 
If error is kept below optucc, noise effects on the termination condition and on 
the comparisons of values of the merit function are unlikely to disrupt 
convergence. 

Evaluation of the effect of gradient errors would be much more difficult but, 
as discussed above, has not been found necessary. 
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3. Aduptation of Ititegrator Error Tolerances 

The value of error can be used for feedback control of the integrator toler- 
ances. This feedback is complicated by the fact that in the algorithm used for 
integration there are four tolerances that can be adjusted to control accuracy. 
Experimentation indicated that the computational cost of the integration showed 
little dependence on the initialization tolerance, s s t o l .  or on the accuracy to 
which discontinuities were located in time. ei*tul. These tolerances could, how- 
ever, have a substantial effect on noise levels. It was therefore decided to set 
these tolerances to very stringent levels, lo-'' being chosen as a default. As 
noted previously, the remaining tolerances atol and rtol that govern the accep- 
tance of an integrator step are generally equated. Adopting this practice gives a 
single parameter simacr to adjust, with rtol = atol = sirnacc.. 

The mean value of error may be expected to increase monotonically as 
s i r n n c . ~  increases while the computation time may be expected to decrease mon- 
otonically as .simucc increases. The control ob-jective is therefore to maintain a 
value of error that is just small enough to prevent serious noise problems. The 
precise relationship between simacc and error is unclear and will vary from 
system to system and integrator to integrator. As in any feedback scheme with 
a poorly defined system model, the feedback system must be suitably conser- 
vative to avoid instability. The scheme below has been found to be effective in 
extensive trials. 

if (urrur < optacc/fic.tur) .sirnac.c. = sirnacc.min( 1/.5. 
(c~ptacc/error.factor) 

where .factor defines the target margin of safety from levels of noise comparable 
to  the termination threshold optacc. A value of 5 was found to be adequate as 
further increases in .fcictor did not reduce the number of iterations required for 
convergence. The factor of 2 in the above algorithm provides a deadband so as 
to prevent the adaptation mechanism from responding to insignificant changes 
in the measured error. If the error seems too large, simacc is tightened vigorously 
to climinate the high noise promptly. If the response to noise levels below the 
target is similarly vigorous, the error control is liable to oscillate continuously, 
giving repeated spikes of excessive noise. Hence a more cautious adaptation to 
low noise levels is used. The precise detail of the adaptation is not very impor- 
tant. Any scheme incorporating vigorous response to high noise and sufficiently 
cautious response to low noise so that oscillation does not occur would give 
essentially the same results. To prevent the error control correction from dis- 
rupting line search convergence, the function and constraint values should be 
recalculated whenever the integration accuracy is tightened. 
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This method has been found to eliminate the need for application-specific 
consideration of integrator error control while requiring no significant extra com- 
putation and obviating the use of very tight error control on the integrator. The 
number of iterations required for optimization was found not to differ signifi- 
cantly from that required with fixed small values of simacc, while the time for 
integration was reduced substantially. Failures attributable to noise were 
eliminated. 

The main limitation of the method is that gradient errors are not directly 
estimated, analyzed, or controlled. If problems occur for this reason, the param- 
eterfactor could be increased, or fixed values of the integrator tolerances could 
be chosen by trial and error. 

4. Path Constraint Representation 

Problems may also arise regarding the representation of constraints of the 
form 

q(x, z, 8, t) S 0 Qt E [O,tfI (39) 

known as path or state constraints. The most common approach to this problem 
is to use the method of Sargent and Sullivan (1979) in which the original infinite 
constraint is transformed to 

This representation is single-valued, differentiable, and precisely equivalent to 
the original constraint; but it has two undesirable properties: 

1 .  As the constraint violation approaches zero, its gradient approaches zero 
and the Lagrange multiplier associated with the constraint goes to infinity. 

2. A path constraint that is inactive by even a small amount is invisible to 
the optimizer. 

These limitations do not usually prevent convergence in practice, provided noise 
is controlled as discussed above. However, they may lead either to slow progress 
due to constraints that flip repeatedly from active to inactive or to the need for 
stringent noise control as the constraint and its gradients go to zero and the 
Lagrange multiplier grows. 

A simple modification of the path constraint representation (40), is given by 
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This representation makes slightly feasible constraint values visible to the op- 
timizer. and reduces noise problems by avoiding the multiplication of a small 
constraint by large Lagrange multipliers or penalty factors within the optimizer 
calculations. The disadvantage is that the modified problem may deviate signif- 
icantly from the actual problem if c , , ~  is too large. For abstract mathematical 
problems, this disadvantage is significant, but for engineering problems in which 
the constraint violation has a meaning it should always be possible to define cSig 
to be the smallest violation judged to give a significant deviation from the orig- 
inal problem specification. 

The scaling of the constraint is also important. The scaling below was found 
to work well. Within the model 

.I = Innr(0. q(x, :, 8, t))2/c,lg. x(0) = 0 (42) 

was used, giving sensible values for the states associated with active constraints. 
Many optimizers use the feasibility test 1 /el I optczcc (cf. Eq. 36). The model 

generates a path constraint, x(t& for which a value of 1 represents an insignif- 
icant constraint violation. Using 

(43) 

is enough to make the significance levels consistent, but would allow numeri- 
cally feasible points with path constraint violations greater than c , , ~ .  The 
constraint 

(44) 

c = (s(t,) - 1)optrrcc I 0 

c = (2r(t,) - 1 )optc1cc I 0 

ensure\ that any numerically feasible point will have path constraint violations 
less than c . , ~ ~ .  The numerical solution may therefore have active constraints with 
path constraint violations between c,,,/2 and c , ] ~ .  which seems appropriate. 

This modified path constraint representation was found to give a reduction 
of up to a factor of 2 in the number of iterations required for successful 
optimization. 

5. Poor Locul Ai’l~tr,sitii~itioti 

Local approximations (linear or quadratic) are often particularly poor in dy- 
namic optimization problems. For instance, this situation is found to occur when 
taking the full step predicted from the local approximation, &, causes a path 
constraint to become active or the system to become unstable. 

The step based o n  the local approximation may have to be reduced by several 
orders of magnitude to satisfy the conditions for a new value to be accepted. 
This may be accomplished using a line search method to select a scaling factor 
a! for the step to satisfy some criteria. If the line search is to be accomplished 
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efficiently, large reductions in step size must be allowed (al+I = .laJ, where j 
is the line search iteration). If the line search accepts the first point satisfying 
the search criteria, it may reduce the step magnitude much more than necessary 
and be unable to improve the local approximation. This can require many full 
iterations of the optimization to approach the optimum, each involving costly 
gradient evaluations. 

This problem may be tackled by modifying the line search procedure. The 
line search should be allowed to reduce the step size until a point a, is found 
satisfying the line search criteria. This point then defines a minimum step size, 
a,,,, while the previous point, aJ-l, defines a maximum step size amax. The line 
search then proceeds as follows: 

if amaxlam,n > 2 i = 1 
do until i = 0 

aJ+l = min(2aJ(a, + amdx)/2) 

Evaluate J,c for new 0 
If line search criteria satisfied and merit function reduced then 

if a,axlaJ+l > 2 

else 

e,+, = e k - l  + aj+l 8 k  

j = j +  1 

ek = el+, 
i = O  

end if 
else 

ek = el 
i = O  

end if 
end do 

This algorithm essentially tries to locate the largest step satisfying the line search 
criteria, a*, within a factor of 2, assuming that the criteria are met for all a E 
[O,a*] and not satisfied elsewhere. 

This method has been found to reduce the overall computational effort in 
approaching the optimum by up to 30% compared to that obtained by accepting 
the first point satisfying an Armijo cone condition on the merit function while 
allowing step reductions of up to a factor of 10 at each line search iteration and 
using a quadratic interpolation formula to estimate the step reduction. 

A more precise, gradient-based line search such as that discussed by Gill et 
al. (1981) is unlikely to be beneficial as the increased line search cost would 
require an implausibly large reduction in the number of line searches to give a 
net benefit. 
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6. Discussion 

We have developed a code incorporating these characteristics and applied it 
successfully to more than ten industrial design problems, some of which are 
discussed later in this chapter. Limited testing on standard problems also sup- 
ports its effectiveness. This is problem 5.1 in Vasantharajan and Biegler (1990) 
illustrating that some difficulties with feasible path methods were solved without 
any difficulty using the code developed. 

111. Neutralization of Waste Water 

Neutralization of waste water has been chosen to illustrate the integrated 
design approach as it is a relatively simple system of considerable industrial 
importance and it is subject to large disturbances and a high degree of uncer- 
tainty. We start by explaining the general background to neutralization system 
design. Following this, a procedure applying the general integrated design ap- 
proach to this application area is presented. 

The design of waste water neutralization systems for an industrial plant or 
site generally involves an interaction between “end-of-pipe’’ treatment system 
design and decisions about the design and operation of other processes. The 
end-of-pipe neutralization system typically consists of a small number of CSTRs 
or in-line mixers arranged in series. Reagent is added to each mixer based on 
measurement of its exit pH. The design of the end-of-pipe treatment system is 
a compact design problem amenable to general treatment. The more general 
design decisions are application-dependent and open-ended and do not lend 
themselves to explicit incorporation within a design method for waste water 
neutralization systems. A useful design method for waste water neutralization 
should, however, facilitate interaction with this broader design context as deci- 
sions at this level can have a more substantial effect on total treatment cost than 
the end-of-pipe design itself. 

Before presenting our procedure for waste water neutralization system design, 
we discuss general design methods for the selection of structural or discrete 
design variables. 

A. MAKING DISCRETE DESIGN DECISIONS 

Real design problems involve discrete design decisions, such as layout of 
reactors and choice of control scheme, as well as selection of continuous design 
parameters, such as reactor sizes and controller tuning. The design tools pre- 
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sented have focused on techniques for analyzing performance of particular de- 
signs and for optimizing continuous design variables. 

One approach to making discrete design decisions is to pose a mixed-integer 
nonlinear program (MINLP) and apply a suitable optimization method to the 
selection of discrete design parameters. We have not adopted this approach for 
the following reasons. 

1 .  The MINLP approach requires all the objectives and design options (in- 
cluding models) to be fully defined before solution can commence. In 
typical waste water neutralization system design problems, models and 
costs are generated and refined for options as the results of the design 
process indicate a need to do so. The problem definition itself may be 
modified substantially as the design progresses owing to interaction with 
design decisions in the broader process context. These characteristics are 
not conducive to solution methods based on one pass through a single 
large optimization problem. 

2. MINLP algorithms typically capture the results of NLP solutions for par- 
ticular sets of discrete variables by using some form of linearization at 
the NLP solution. A design engineer can potentially extract much more 
information than this and bring judgment and experience to bear in de- 
ciding which option for the discrete design parameters to examine next. 
If the NLP problem can be solved in seconds, a MINLP algorithm will 
often have the edge over a designer as it can extract limited information 
about many design options in the time it will take the designer to extract 
a lot of information about a single option. If the NLP solution time is 
around an hour or more, as may be the case in dynamic optimization or 
worst-case design, the designer can be expected to gain the edge over the 
algorithm. 

An alternative to using a MINLP algorithm is to use a heuristic-based, de- 
signer-driven search, coupled with a bounding strategy to efficiently eliminate 
structures. This approach has considerable potential when good rules exist for 
modifying designs and when bounds on achievable performance can be obtained 
for candidate structures without too much effort. Examples of this approach are 
given by Chan and Prince (1988) and Mizsey and Fonyo (1990). Chan and 
Prince present a heuristic strategy for modifying flowsheets to synthesize a flo- 
tation cell separation circuit and show that it gives reasonable results. Mizsey 
and Fonyo looked at the use of heuristics in design more generally, coining the 
term “predictor-based bounding strategy” to describe the use of bounds to elim- 
inate structures as candidates selected by a search are evaluated rigorously. 

Predictor-based bounding appears appropriate for the integrated design ap- 
proach proposed. A range of tools can be used for generating bounds on per- 
formance: 
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I .  nominal and worst-case ideal delay-limited control evaluation 
2. noniinal and worst-case steady-state evaluation 
3 .  nominal and worst-case dynamic evaluation 

By applying these tools appropriately and using sensible rules to guide the de- 
sign choices it is possible to develop efficient integrated design procedures. 

B. DESIGN PROCEDURE FOR NEUTRALIZATION OF WASTE WATER 

1. Prohleiii Dyfinitioii 

The basic design problem is defined by which streams are to be treated and 
the effluent characteristics to be achieved prior to discharge from the treatment 
system. This definition may be a design decision at a higher level. Therefore a 
range of problems may need to be considered to provide information on which 
higher-level design decisions can be taken. This places particular emphasis on 
efficient preliminary design methods that will allow higher-level options to be 
considered without costly detailed design analysis or experimental work. 

A complete characterization of a neutralization problem for design purposes 
might require the following: 

I .  a set of titration curves (pH values tabulated as a function of reagent 
concentration ) or a thermodynamic model covering the range of condi- 
tions the treatment system will encounter 

7 .  a definition of the acceptable variation in output characteristics, usually 
in terms of pH 

3. a definition of any additional process constraints (e.g., lower bound on 
pH within the treatment system to avoid gas formation) 

4. a description of the variation over time of effluent flows and titration 
characteristicskompositions (disturbances) 

5 .  properties of reagents that may be used for neutralization, including re- 
agent particle size distribution and reaction kinetics if the reagent is used 
in solid form 

6. a definition of any equipment outside the scope of the treatment system 
that provides smoothing of the composition or flow variations in  the 
effluent streams 

7. constraints on achievable mixing characteristics, particularly minimum 
mixing delay and minimum residence time 

8. constraints on process equipment selection and sizing, e.g., whether in- 
line mixers can be used and maximum total volume 

9. constraints on measurement type and positioning, e.g., whether flow 
measurements are available and whether in-line probes are acceptable 
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10. constraints on reagent addition system type and positioning, e.g., only 

1 1. maintainable performance levels of equipment, particularly measure- 

12. constraints on controller type, e.g., only direct PI control of reagent ad- 

13. costs for all design options that have a significant effect on the cost of 

enough acid reagent available for a final stage pH adjustment 

ments, e.g., maximum lag and maximum bias 

dition to be used 

the final system. 

It is impractical to expect to know all these characteristics exactly for any 
problem; moreover, they may be highly variable over time. Thus &he specifi- 
cation must be allowed to include sets of possible characteristics rather than just 
nominal values. Default values and bounds for many of the above characteristics 
are given in Section IValong with advice on experimental procedures to generate 
design data. Approximate costs for most options are given in Walsh (1993). It 
is not necessary to have all the information in order to begin the design. 

In defining the disturbances, the need to start the plant up should be consid- 
ered. A reasonable base-case set of disturbances is startup from zero flow to at 
least 25% of maximum flow in a single step and a 10% load change at maximum 
flow. A treatment system that cannot satisfy these requirements is unlikely to 
be adequately operable. These base-case disturbances may be used in prelimi- 
nary analysis if actual data are not available. 

For preliminary analysis of dynamic response, the information required is 

1. the allowable pH range for the treated waste water 
2. the minimum time between the disturbance reaching the outlet of the sys- 

tem and the feedback control response reaching the outlet of the system 
3. the disturbance condition giving rise to the maximum pH change at the 

outlet within this time (this may be found by worst-case design if 
necessary) 

4. the relationship between pH and reagent concentration within the allow- 
able pH range under this disturbance condition, i.e., at least a partial ti- 
tration curve. 

This information provides an adequate summary of the overall characteristics 
for the purpose of evaluating whether an ideal (delay-limited) controller could 
achieve the required exit pH performance. The worst-case disturbance is often 
obvious and is therefore included as part of the specification information. It 
should be noted that if there is more than one tank between the initial disturbance 
effect and the treatment system exit, the worst-case condition for a given change 
in effluent load will involve maximum flow. The effect of flow in reducing the 
concentration change for a given load change (flow-') will be outweighed by 
degraded disturbance rejection (flow-'*, where n is the number of tanks). If the 
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worst-case condition is not obvious, the methods for worst-case design may be 
used to identify this condition given a model and uncertainty description. 

Steady-state properties of the neutralization system are generally an issue 
only when neutralizing acid effluents with solid alkali reagents. For evaluating 
steady-state properties. the following information is required: 

I .  the allowable pH range for the discharged stream 
2. the properties of the reagent to be considered 
3. the combination of acid concentration and flow in terms of makimizing 

the pH change downstream of the treatment system exit (this may be found 
by worst-case design if necessary) 

3. the relationship between pH and reagent concentration within the allow- 
able pH range under this load condition. 

The overall design procedure is summarized in Fig. 3. It should be noted that 
the design techniques are deployed in order of increasing computational load 
and design data requirements. This allows most design options to be rejected 

- - - ~ _ _ _ _  

Select reagent based on rules 

- ..-.I 

Estimate number and size 
of  tanks for disturbance 
rejection (controllability) 

~ ~~~. ~ ~~~ . ._, 

-~ 

No Check \teady-state 
* constraints and use 

reactor engineering 

Yes to modify as needed 
i . _____ 

for detailed analysis using 
worst case dynamic 

-1 _ _  

- -- 

- i _ _ _  
Solution found 

__._ - - 

FIG 3 Integrated design procedure for waste water neutralization. 
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with little effort. Only a few options will be analyzed using worst-case dynamic 
optimization. 

2. Preliminary Design 

The recommended procedure for preliminary design is 

1 : Select reagent 

2: Evaluate design requirements for adequate transient control 
performance using ideal control analysis or optimal PI control 
performance estimates 

conversion 
3: If solid alkali reagents are being used then investigate steady-state 

If system chosen by control analysis has acceptable reagent 
conversion then take as a candidate design for more detailed 
analysis 
Otherwise modify design based on reaction engineering 

4: Take the resulting design as a candidate design for more detailed 
analysis 

The first three steps are discussed further below. 

a. Reagent Choice. Many rules exist for guiding reagent choice, scattered over 
the open literature. These rules range from clear constraints on when certain 
reagents may feasibly be used to fuzzy preferences and warnings. These rules 
are summarized in Walsh (1993), along with approximate costs for common 
reagents. 

The following procedure for selecting a reagent is recommended: 

1. Identify the set of feasible reagents. 
2 .  Identify relevant design considerations for these reagents. 
3.  Decide whether any of these considerations override using the cheapest 

feasible reagent. 

The key treatment system properties to consider in carrying out this analysis 
are (1) whether the effluent is acidic or alkaline, ( 2 )  the desired final pH, ( 3 )  
the presence of ions forming poorly soluble salts with the reagent, and (4) the 
total acid load. 

A typical feasibility criterion is ‘ ‘Carbonate-based reagents cannot be used 
to give a final pH above 5.” A typical design consideration is “Caustic (NaOH) 
gives reduced sludge formation compared to calcium- or carbonate-based 
reagents. ’ ’ 
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This analysis will usually give a clear indication of the best reagent for a 
given application. The most common choice is calcium hydroxide. 

b. Control Analysis. The data requirements for the general case are defined in 
the previous section. In the most difficult cases, preliminary control analysis 
requires the solution of a worst-case design problem (see Section II.B.2). In 
most cases, a much simpler approach can be used. The worst-case disturbance 
condition may often be evident, e.g., a wash operation on the plant or startup 
of the treatment system. The worst-case disturbance characteristics can usually 
be bounded by the maximum step change in effluent load, combined with the 
maximum pH sensitivity to reagent concentration and the maximum flow. If the 
worst-case condition is clear, it is possible to calculate the required disturbance 
attenuation 6, (Section II.B.2). The acceptable a,,,, can be computed from the 
titration curve (or a thermodyamic model) and the required output pH properties, 
with due allowance for the effect of pH measurement bias. The inlet concentra- 
tion variation, A,,,,, can be computed from the flows and concentrations asso- 
ciated with the worst-case disturbance. The required overall disturbance atten- 
uation is then given by 6,,,,/A,,,,. 

The disturbance attenuation capability, 6,, of a particular design can be cal- 
culated using Eqs. (31) or (52). Equation (31) wiil give either a rigorous or a 
heuristic bound, depending on whether the true or effective delay is used for 

(Section II.B.2). Equation (52) gives an estimate of the optimal performance 
with PI conrrol (see Section V.A.3). The calculated disturbance attenuation can 
then be compared to the required disturbance attenuation. If the rigorous bound 
indicates that a design is inadequate, then it can be straightforwardly rejected. 
If the heuristic bound (t: = tJ4) indicates that a design is inadequate, it should 
be rejected unless some means of compensating for the minor lags in the dy- 
namic response is to be used. If the PI performance estimate indicates a design 
to be inadequate by a reasonable margin, say 30%, then the design can be 
rejected if PI controllers are to be used. 

It is possible to determine the optimal volume of n CSTRs in series to achieve 
the required disturbance attenuation by equating the required and estimated at- 
tenuation (see Section V.A.4). 

This analysis is a good starting point for preliminary design as it can give 
performance bounds and estimates for all neutralization systems regardless of 
reagent kinetics. 

If on-off control is being considered, the achievable performance can be 
estimated by considering a limit-cycle at the natural period, t,,. The change in 
concentration from maximum to minimum reagent addition, Acne+, must be at- 
tenuated sufficiently so that the outlet concentration variation is less than the 
acceptable variation, 6,,,,,. Attributing the output variation to the first harmonic 
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of the square-wave input and assuming reagent flow is negligible compared to 
effluent flow, we have the following necessary condition for successful on-off 
control: 

If the worst-case disturbance is not evident, the ideal delay-limited control 
analysis is better approached by using the worst-case design tools on a dynamic 
model, as discussed in Section II.B.2. This optimization can be solved in a few 
minutes (on a SPARC 2 )  for typical problems. 

c. Solid Reagent Conversion. Given a design that is potentially adequate in its 
dynamic response but uses slowly reacting solid alkali reagents, the next stage 
is to consider whether the reagent conversion is adequate. Even with adequate 
pH response at the exit of the treatment system, unreacted reagent at this point 
may cause downstream pH drift, giving rise to violation of the specified limits. 
If the design fails this test, it is necessary to modify the design to improve its 
conversion characteristics. This may be tackled as a reactor engineering problem, 
bearing in mind that reaction order is greater than 1 for these reagents (Section 
1V.B). Adding a plug-flow reactor stage early in the mixing scheme is likely to 
be beneficial, and moving to an increased number of backmixed reactors may 
be desirable. Alternatively, total volume may be increased. 

There are a number of options for carrying out this analysis: 

1. Carry out a full experimental investigation of reagent kinetics to generate 
a model and uncertainty description and apply worst-case optimization. 

2. Use the default models from Section 1V.B. 
3. Apply a shortcut heuristic procedure. 

A shortcut procedure should ideally allow simple computation and avoid 
optimistic results. The procedure outlined below meets these requirements. 

The worst-case conditions for reagent carryover must be identified, and the 
associated reagent conversion requirements 61 (permissible fractional carryover 
of reagent from the treatment system exit) computed. It should be noted that 
the worst-case load condition may be quite different from the worst-case dis- 
turbance condition for dynamic analysis. The worst-case load characteristics will 
normally be bounded by the maximum neutralization load at the maximum flow 
and the maximum pH sensitivity and may be identified more precisely by worst- 
case design if desired. 

The apparent reaction time constant, rr, may be estimated from a batch neu- 
tralization experiment based on the pH response as it approaches a steady value 
in the target pH range. If is the allowable fractional carryover of reagent, the 
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time from 3 4  of the reagent remaining unreacted to  the time for 6/ of the reagent 
remaining provides a reasonable estimate of the effective 7,. Estimated in this 
way. 7,- may be used as a cautious estimate of an effective first-order kinetic 
time constant and the residual reagent, 6,,,. may be estimated as 

(46) 

where 7pFR is the total plug flow reaction time available. should be less than 
6, to ensure that carryover of reagent is not excessive. This method has a sound 
basis in that i t  looks at the response associated with the portion of the particle 
size distribution which will dominate the residual carryover at the critical level, 
6,. It is pessimistic in that it then treats this response as characteristic of the 
entire particle-size distribution. 

If a full steady-state model is used, the reagent conversion may be analyzed 
by steady-state simulation. All the reagent flows should be specified within the 
model in some way, e.g., by target pH values within the treatment system. Fixing 
the pH of each CSTR and analyzing the conversions of reagent added to each 
tank in turn may be useful to provide insight into the design problem (see 
Section V.D for an example). 

d. Sitmmnr?.. At the conclusion of preliminary design analysis, there should be 
a clear picture of what the worst-case conditions are likely to be as well as a 
candidate design that is likely to meet both dynamic response requirements and 
reagent conversion requirements. The tools used are all quite efficient, so that 
a large number of options can be explored quickly. This allows the problem 
specification to be reviewed if necessary and provides a good starting point for 
more detailed design analysis. 

3. Cornplete Design 

Complete design utilizes a full model of the process, control system, and 
disturbances, including all significarif uncertainty and variability, to determine 
whether performance requirements can be met. The design structure is initially 
based on the preliminary design work, which can also be used to define an 
initial set of models for worst-case design and initial values for some of the 
design variables. The controller and process parameters may be adjusted using 
worst-case optimization. If steady-state issues have not been fully explored in 
the preliminary design stage, it is sensible to run a steady-state worst-case design 
prior to the full design. This may identify the need for structural modifications 
or modifications to the problem formulation in a small fraction of the time it 
takes to 5olve a dynamic worst-case design. 
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Including all design issues within the mathematical formulation may com- 
plicate the model excessively, potentially slowing the solution down by an order 
of magnitude. Measurement noise, controller sampling effects, and detailed re- 
agent delivery characteristics all fall into this category. 

In a well-engineered system, measurement noise is unlikely to affect the 
performance of a PI controller significantly (Section V.A.2), but it may limit 
the use of derivative control action and will certainly limit the performance of 
advanced control schemes that attempt to approach ideal control (Section 
V.A.5). Our approach to PID control has been to optimize PI controllers and 
leave the possible benefit of derivative action to the commissioning engineers. 

The effect of controller sampling time is not as bad as the effect of an in- 
creased delay in the system and can if necessary (sampling interval greater than 
about 2 s) be approximated by a delay equal to the sampling interval. This 
avoids the introduction of frequent discontinuities in the control trajectory. 

Reagent delivery requires careful attention. However, it may be considered 
after the other design issues have been settled because it is generally amenable 
to satisfactory solution by detailed design without making a substantial differ- 
ence to the overall design or to total cost (Walsh, 1993). In initial analysis, 
deliberately oversized idealized valves can be considered so as not to interfere 
with the control response. A conservative sizing of the actual valves can be 
based on evaluating the maximum reagent delivery capacity obtained assuming 
ideal valves. If this sizing indicates extreme rangeability requirements, then spe- 
cialized equipment may be needed. If the rangeability requirement is moderately 
high, say 100: 1, the effect of reducing the maximum reagent capacity should be 
checked, as valves saturating for short periods of time do not necessarily degrade 
performance significantly. If the rangeability requirements are less than about 
50: 1, use of standard equipment is acceptable. Equal-percentage valves, char- 
acterized to appear linear to the controller and fitted with positioners, are a good 
default reagent addition element. The effect of valve errors can be considered 
by including a detailed valve model in the simulation, although this is likely to 
slow down the integration dramatically. Section V.A.2 presents some evidence 
that reagent valve errors are not usually critical together with an expression for 
estimating the exit deviations caused by deadband errors (Eq. 51). 

Reliability and maintenance issues may have a significant effect on the total 
cost, but are unlikely to justify reworking of the design provided some basic 
issues are accounted for. The main effect of reliability/maintenance analysis on 
existing plants is that most measurements and valves must be duplicated with 
appropriate isolating equipment to allow maintenance. Provided this is allowed 
for approximately in defining any costs considered in optimizing the design, the 
detail of the implementation of maintenance systems is not likely to affect the 
design choices. Operation in conditions likely to severely degrade reliability 
should be avoided by adding constraints or cost penalties to the design as nec- 
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essary. For example, steady pH values outside the range 2-12 are associated 
with increased measurement bias, and pH values above 7 encourage fouling of 
electrodes with carbonate. Therefore, pH operating points between 2 and 7 are 
preferred for good reliability. 

Compliance with the specified pH limits is taken to be required 100% of the 
time. This is increasingly the accepted design basis and is actually easier to 
handle than requirements in which pH limits must be satisfied 1% of the time. 
One method of handling “x%” constraints would be by excluding worst-case 
combinations that are expected to occur less than (100 - x)% of the time. This 
introduces an extra level of iteration to the design problem. Specifications that 
the pH must be outside certain bounds for less than a certain time can be readily 
included in analyses based on the full dynamic model. 

4. Rules jiir Modifiirrg Design 

The procedures presented so far largely Leave the structural decisions to the 
designer. There are, however, a number of rules that may be useful, particularly 
if the designer does not have extensive experience with these problems. 

If the worst-case disturbance is caused by a flow change as opposed to a 
concentration change, consider using ratio reagent addition with feedback, ad- 
justing the ratio rather than the reagent itself. This requires gain-scheduling for 
control around a backmixed tank (dividing controller error by flow would be 
effective). If the worst-case disturbance is a concentration disturbance, use feed- 
forward if the load can be estimated within about 220%. 

If steady-state reagent conversion of solid alkali is the limiting constraint, 
consider the following options: 

1 .  Use a plug-flow reactor or a small CSTR as the first stage, using under- 
neutralization to enhance overall reagent conversion. Feedforward control 
of reagent addition to the PFR, if practicable, avoids the poor feedback 
control characteristics of the PFR (see Section V.E). 

2. Provide acid reagent to downstream stages to compensate for carryover 
of reagent at intermediate stages in the treatment system when this is the 
limiting factor. 

3. Increase the reactor volumes. 

If control is adequate apart from large limit cycles following a major distur- 
bance. apply input conditioning so as to eliminate the limit cycle. This is much 
preferable to eliminating the limit cycle by reducing controller gain as this would 
cause an overall degradation in performance. As input conditioning can be triv- 
ially implemented in modern control hardware, it is worth implementing in the 
initial design if there is a well-defined and significant nonlinearity. 
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On-off control should be considered if titration curve variability is high and 
disturbances are comparable to the total neutralization load. 

If the appropriate control scheme is still not effective, increase the backmixed 
volume or add an'other controlled stage, possibly an in-line mixer. 

If actuator saturation causes problems, consider increasing valve size, shifting 
operating points to achieve a better distribution of load between stages, or speed- 
ing up response of upstream control stages by reducing mixing delay and using 
fast response injector probe assemblies so as to reduce transient loading of 
downstream stages. 

If actuator hysteresis effects cause excessive pH fluctuation, consider reducing 
valve size, using parallel valves, or using specialized reagent addition equipment. It 
is not likely that such effects will require an increase in backmixed volume as the 
1% hysteresis associated with valves using positioners is unlikely to be the worst 
disturbance to exit pH with sensibly sized equipment (see Section V.A.2). 

1V. Modeling of Waste Water Neutralization Systems 

We must remember that the most elegant and high-powered mathematical anal- 
ysis based on a model which does not match reality is worthless for the en- 
gineer who must make design predictions (Levenspiel, 1972). 

This section discusses the development of the models used in the case studies 
presented in Section V, providing an illustration of the challenges involved in 
developing models and uncertainty descriptions to support integrated design. 

All design methods must include a model (at least implicitly) to be effective. 
As models are rarely precise, it is important to associate an uncertainty descrip- 
tion with each model to allow the appropriate degree of robustness to be incor- 
porated into designs utilizing that model. An inadequate model or uncertainty 
description may lead to an unworkable design or to unnecessary and expensive 
overdesign. 

In choosing between several models giving equally good predictions, we 
prefer the model requiring least process-specific experimental input. For each 
model selected for use in design, the sources of uncertainty and variability are 
discussed, and guidelines for experimental work to reduce the uncertainty are 
given where appropriate. 

The following modeling issues are considered: 

Steady-state relationships between pH and reagent addition (Section 1V.A) 
Reaction kinetics of hydrated lime (Ca(OH),) (Section 1V.B) 
Dynamic response and bias errors of measurement (Section 1V.C) 
Effect of mixing on system characteristics (Section 1V.D) 
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A. STEADY-STATE pH CHARACTERISTICS 

The complex nonlinear relationship between pH and neutralizing reagent con- 
centration. often expressed graphically as a titration curve, is a key characteristic 
of waste waster neutralization systems. It determines the sensitivity of pH to 
concentration disturbances and hence the required disturbance attenuation. Its 
nonlinearity may lead to large-amplitude limit cycles in response to disturbances 
if not adequately compensated for, and may force controller detuning due to the 
variability in the sensitivity of pH to reagent concentration. Steady-state pH 
characteristics are therefore an appropriate starting point in considering the mod- 
eling of waste water neutralization systems. Modeling the relationship between 
pH and reagent addition requires a steady-state mapping from compositions to 
the pH of the solution. The main approaches to constructing this mapping are 
the use of thermodynamic equilibrium relationships and the direct use of titration 
curves. 

Titration curves have the virtue of simplicity, while thermodynamic models 
have. at least in principle, greater capacity to be adapted to changing process 
conditions. In practice, the amount of effort required to develop a thermody- 
namic model based on real chemical species and physical properties is usually 
prohibitive. Setniempirical models based on notional species and concentration 
equilibria can be developed quite readily (Gustafsson and Waller, 1983). How- 
ever, these have extrapolation properties identical to the original titration curves. 
In both cases the pH of a mixture of components can be predicted accurately, 
subject to the assumptions that mixing two solutions of equal pH results in a 
solution with the same pH and the pH measurement is ideal (Gustafsson, 1982; 
Luyben, 1990). The validity of this assumption is discussed in Walsh (1993). 

Titration curves are therefore used as the standard model representation in 
the case studies discussed in Section V. The titration curves are represented as 
tables of pH values and the reagent concentration changes required to move 
between consecutive pH values. This representation facilitates specifying un- 
certainty in the sensitivity of pH to reagent concentration within particular pH 
ranges. The concentration of reagent is given in molar units (M) with concen- 
tration taken by convention as zero at a reference pH and negative below that 
pH. The table function is interpolated using monotonic cubic splines. 

In generating titration curves, care should be taken that any reactions are 
allowed to go to completion (check for pH stabilization over about ten minutes 
if slow reactions are observed). The material to be titrated should be at the same 
temperature as the effluent to be treated, and care should be taken to avoid the 
loss of volatile components from samples to the atmosphere. The reagent used 
should be the main reagent to be used for neutralization. If problems are ex- 
perienced in metering small quantities of lime-based reagents, caustic (NaOH) 
can be used near neutral to get sufficient resolution of the titration curve-at 
least one point per unit pH change should be generated. 



OPERABILITY AND CONTROL IN PROCESS SYNTHESIS AND DESIGN 355 

In characterizing uncertainty in titration curves (variability of slope), it is 
important to ensure that a representative set of samples are titrated. In particular, 
consideration should be given to titration characteristics during shutdowns, as 
the shutdown of a plant that provides a lot of weak acid or base wastes may 
lead to dramatically increased sensitivity of pH to disturbances and reagent ad- 
justment. If backmixed buffering tanks are to be introduced as part of the design, 
it is useful to look at flow-averaged samples (samples are collected in proportion 
to total flow over a period of time and the aggregate sample is titrated) as well 
as grab samples (instantaneous samples). An averaging period comparable to or 
less than the residence time of the buffer tank will give a picture of the titration 
characteristics downstream of the buffer tank with less effort and error than 
combining results from many grab samples. 

Titration curves may be misleading when the reagent and effluent reach an 
equilibrium pH on a time-scale comparable to or longer than the residence time 
in the treatment system. Unless the reactions involved are modeled, predictions 
based on the titration curve(s) may be quite inaccurate. The most common in- 
stance of this involves the use of calcium hydroxide reagents (slaked or hydrate 
lime), which is discussed below. If other slow reactions take place, considerable 
modeling effort may be needed, or very careful interpretation of results. 

B. CHARACTERISTICS OF CALCIUM HYDROXIDE REAGENT 

The most common reagents for neutralizing acidic waste water are solid lime- 
based alkalis, particularly Ca(OH),. The kinetics of these reagents are not well 
defined in the literature on waste water treatment (Shinskey, 1973) and may be 
the dominant factor in equipment sizing in many applications. It is therefore 
important to develop and validate improved models for these reactions. 

Experimental results by Haslam et al. (1926) and Yagi et al. (1984) support 
a mass transfer limited mechanism for the dissolution of CaO and Ca(OH)2 in 
water. This mechanism was verified to be consistent with observed experimental 
data, using the correlation of Levins and Glastonbury (1 972) to predict mass 
transfer coefficients for suspended particles in a tank. Available correlations for 
mass transfer were consistently accurate in predicting the observed rate of 
shrinkage of spherical Ca(OH)* particles with a radii of 100 microns (p ) .  

There is some controversy as to how the mass transfer rate varies with particle 
size, with the transition mechanism between boundary layer transfer and mo- 
lecular diffusion appearing to depend on particle density. Levins and Glaston- 
bury simply sum the molecular diffusion and boundary layer terms, giving a 
smooth transition between the two regimes. Brucato et al. (1990) present ex- 
perimental results with dense particles (pp > 2 kg/m'), showing little effect of 
particle size down to a 1.5-p particle radius (the Levins and Glastonbury cor- 
relation predicts an increase in dissolution rate of about 66% compared to large 
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particles). This observation is consistent with some early experimental work on 
lime reagents by Haslam et al. (1926). which showed less than 5% variation in 
mass transfer coefficient between a 45-p and 500-p particle radius. Most of 
Levins and Glastonbury's work was with low-density particles. However, they 
did have some data which indicated that high-density particles showed less var- 
iation of mass transfer coefficient with size than lower-density particles. Asai el 

nl. (1988) indicate that the transition between turbulent boundary layer mass 
transfer and molecular diffusion mass transfer is sharper than indicated by Lev- 
ins and Glastonbury and is better approximated by the maximum of the two 
contributions rather than by their sum. 

This supports the use of a simplified correlation, for dense particles, in which 
the mass transfer is taken as the maximum of the mass transfer at 100-p radius 
(determined experimentally or using Levins and Glastonbury's correlation) and 
the mass transfer rate due to molecular diffusion, which typically becomes dom- 
inant around 10-p diameter in a well mixed solution (mixing power density = 
.2 Wkg).  Including terms for the diffusion of acids to the particle surface 
(Walsh. 1993) we obtain the model below. 

( k ,  + ,[H'] + k3c\veak) p/s (47) 

where r,] is the particle radius in microns, [H'] is the concentration of free 
hydrogen ions, and oveak is the concentration of weak acids that will dissociate 
below a reference pH (pHref) of 7. k,,, is used to adjust the degree of turbulent 
mixing and should be about I for a well mixed vessel. k ,  was estimated to be 
about 0.1, k2 about 7.5, and k3 about 1.5. It should be noted that the concentra- 
tion of Ca(OH)? i n  the bulk solution is assumed to be negligible. 

The above model assumes complete suspension of the particles. Fluid veloc- 
ities in pipes of I m/s are ample for suspension of typical solid alkali reagents. 
Typical agitation intensities of around .2 W k g  are adequate for suspension of 
typical calcium hydroxide preparations in tanks. 

To complete the model of lime dissolution, a discretized particle size distri- 
bution is defined, with [x i ]  being the molar concentration of size fraction i with 
radius I; , , .  For an ideal continuous stirred tank reactor (CSTR) with residence 
time r the equation for updating the concentrations of the solid lime size frac- 
tions is 

where rp, . ,  > r,,, and [xinil is the inlet concentration. 
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This model was validated against industrial experimental data as discussed 
in Walsh (1993). Between 6 and 12 particle size fractions were found to be 
needed to characterize the particle size distributions, which resembled truncated 
log-normal distributions. 

The main sources of uncertainty in this model are discussed below. 

1. Errors due to variations in process chemistry: This will mainly affect k3, 
which is strongly influenced by the diffusivity of the weak acid species 
and has about a 50% uncertainty band. Reaction inhibiting impurities may 
have a very major effect, which should be excluded by experimentation 
as it cannot readily be compensated for. 

2 .  The variation of the reagent particle size distribution: This depends very 
much on the quality of the reagent source and should be tested by sam- 
pling of the supply. 

3. The error due to variation in mixing conditions and uncertainty about their 
effect: This error is expected to be small for stirred tank reactors using 
typical power levels of around .2 Wkg (kmix = 1). There is significant 
uncertainty in the effect of plug-flow mixing; but so long as the particles 
are properly suspended, kmix E [S ,  .9] can be expected. 

To characterize the reagent properties for particular applications, batch (dy- 
namic) titrations should be camed out with a range of final pH values across 
the operating region. The batch should be mixed using an agitator rather than a 
bead stirrer to get realistic mixing conditions. The suggested sampling rates for 
monitoring the pH response are every 10 seconds for the first minute after 
addition of lime, every 30 seconds for the next 4 minutes, and every 2 minutes 
thereafter. The particle size distribution should be measured either by wet- 
screening or by use of a laser counter such as a Coulter counter. If the time 
between preparing the suspension and completing the measurement is more than 
a few seconds, water should not be used in making up the suspension unless 
the fraction of Ca(OH)2 required to saturate the water is small. The particle size 
distribution can then be used with the default model parameters given to check 
whether the standard model is appropriate. If deviations are substantial, the 
model parameters should be adjusted empirically. The most likely need for ad- 
justment lies in the alkali region where reaction inhibition or back-reactions may 
occur. 

C. MEASUREMENT RESPONSE 

The response of electrodes used to measure pH is commonly modeled as a 
first-order lag ranging from one second to several minutes. The actual behavior 
of electrodes is known to be very complex and a number of researchers have 
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attempted to develop improved models (McAvoy, 1979; Hershkovitch et al., 
1978; Johansson and Norberg, 1968). These models are more complex than the 
first-order lag model and require much more data to define (compositions, dif- 
fusion coefficients, dissociation constants). The structural and parametric mis- 
match to the actual response has not been demonstrated to be reduced relative 
to the first-order lag approximation, so the use of these models does not seem 
justitied. As a first approximation, the work on more complex models seems to 
support a first-order lag as being a good match to the form of the electrode 
response. although the appropriate lag coefficient is expected to vary with op- 
erating conditions. 

pH probe dynamic response in CSTRs will be taken, based on industrial 
experience, as a first-order lag with a default maximum value of 30 seconds and 
minimum value of 5 seconds. A bias error of 2 .25  pH will also be taken as a 
default and i t  will be assumed that the pH.setpoint lies between 2 and 12 to 
avoid the potentially large errors outside this region (Walsh, 1993). These de- 
faults can, of course, be modified; e.g., for a well maintained multiple probe 
injector assembly. a faster response and smaller bias error would be appropriate 
(McMillan, 1984). 

Attempts to reduce the uncertainty by experimentation should be approached 
cautiously as many design parameters affect the apparent response, including 
fluid velocity near the probe, operating pH, effluent composition, and probe 
aging and fouling over time. 

D. MIXING 

The most commonly used model of a mixed vessel is the “fractional tubu- 
larity” (delay-lag) model in which some part of the reactor is taken as exhibiting 
plug-flow conditions and contributing a delay (td,,,) and the rest of the reactor 
is taken as perfectly mixed (uniform concentrations) contributing a first-order 
lag (r,,,,,,). The delay and lag in series are taken as describing the reactor resi- 
dence time distribution (RTD). The delay-lag representation was validated using 
both CFD analysis and experimental residence time distributions (Walsh, 1993). 

The delay for this model can be estimated for stirred tanks using the corre- 
lation of Hoyle (1976) 

td,,,, = kVy 8s/(Fagit) (49) 

For a tank with reagent added at the top of the tank and removed near the 
bottom at the opposite side k = .9, and k = 1.8 for a tank with the reverse flow 
pattern. V, is the tank volume in cubic meters and Fugit is the agitator pumping 
rate in cubic meters per hour. It is observed that it is difficult to reduce td,,, 
below about 9 seconds without causing excessive splashing and air entrainment. 
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This observation is supported by published correlations for pumping rate and 
air entrainment which indicate a minimum delay of about 7 seconds (see Walsh, 
1993). 

The dynamic response of in-line mixers generally approximates a pure delay 
(Chemineer, 1988). In using in-line mixers, it is important to ensure that injec- 
tion velocities are high compared to stream velocities and to recognize that about 
7 seconds elapses before reagent added to the line reaches the measuring device. 
These measures ensure smooth reagent addition and adequate micromixing, 
thereby avoiding excessive variation on the measured pH. 

To avoid the need for special procedures and modification of the integration 
algorithm, delays may be modeled by using rational approximations, e.g., Pad6 
functions or multiple first-order lags in series. Experimentation suggests that 10 
series lags is adequate for most applications, so this is used as a default. The 
approximation should be checked by comparison with a more detailed model 
where it is believed to be particularly significant. 

The above discussion considers mixing only in terms of time response as- 
sociated with mixing and does not consider the interaction between mixing and 
reaction kinetics. For fast neutralization reactions and reactions with first-order 
kinetics, this emphasis is correct; but the time response or residence time dis- 
tribution (RTD) is insufficient to characterize the effect of mixing on more 
general reactions. This is because the RTD does not uniquely determine the 
degree of micromixing of particles; e.g., a set of parallel plug-flow reactors can 
match the RTD of an ideal CSTR to any required precision, but the time at 
which particles of different ages first become mixed is very different from that 
of an ideal CSTR. 

When RTDs are well represented by fractional tubularity models, the ex- 
tremes of micromixing can be achieved by placing the CSTR before the plug- 
flow section (maximum mixing) or by placing the CSTR after the plug-flow 
section (maximum segregation). For predominantly second-order reactions, max- 
imum segregation will improve conversion. In the absence of further informa- 
tion, placing the CSTR first will generally give the worst yield for a given RTD 
and provide a conservative approximation to the micromixing effects for pre- 
mixed reactants. If the reactants are not premixed, it is possible that the reactants 
will not mix at all in the plug-flow stage. In this case, the conservative approach 
is to model the effect of delay on the control but to neglect its effect on reagent 
conversion. This may be implemented very efficiently by delaying only the 
reagent flow and not delaying any concentrations, a method that gives a general- 
purpose conservative model. This model is used in the case-studies on solid 
reagents (Section V). 

The delay associated with mixing in a tank is assumed to be greater than 7 
seconds and can be estimated from correlations. A sensible default value for the 
delay in a stirred tank is 10 seconds, as it will usually be desirable to approach 



360 STEVE WALSH AND JOHN PERKINS 

this lower bound. No uncertainty is associated with the delay, on the understand- 
ing that the value used in the model is the maximum expected value and that 
reduced delay will simply improve controller stability and/or performance. The 
effect of delay on reagent conversion may depend on the detailed mixing pattern, 
and conservative approximations are used. 

One source of uncertainty that has not been tackled is the deviation of the 
age distribution of solid particles from the age distribution of the liquid. This is 
not very well understood and varies with particle size. This effect can be min- 
imized by ensuring a good margin from the conditions under which particles 
are just suspended. 

E. SC~MMARY 

Models for the steady-state relationship between pH and reagent concentra- 
tion have been explored. In general. titration curve models are more convenient 
and more readily determined, and these are used in the case-study work pre- 
sented below. Guidelines for generating titration curves are presented. 

A model for reaction of the solid alkali Ca(OH)? has been developed using 
general mass-transfer analysis principles. The model has been validated against 
experimental data and results in the literature. Guidelines for experimental val- 
idation and tuning of the model are given. 

Measurement characteristics have been reviewed and a default model includ- 
ing an uncertainty description presented. 

Mixing properties have been reviewed and a series delay-lag model chosen 
for general use. Methods for predicting the value of the delay and a lower bound 
on the achievable delay are discussed and a default value given. 

Once the basic modeling foundations have been laid as above for a given 
application area. the modeling effort for any particular problem is greatly 
reduced. 

Modeling issues in waste water neutralization are discussed in more detail in 
Walsh ( 1993). which also discusses redox and precipitation reactions and the 
reaction of carbonate reagents. 

V. Design Examples 

The design examples presented in this section cover a wide range of waste 
water neutralization problems. The examples studied confirm the power of the 
design methods developed. We consider that the success of the integrated design 
approach on this challenging and industrially important problem area establishes 
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its industrial relevance and motivates further work to explore the use of the 
method on more general process problems. The examples examined cover the 
following: 

Exploration of a generic neutralization problem (Section V.A) 
Preliminary design of a central effluent plant (Section V.B) 
pH control of a strong-acidstrong-base system (Section V.C) 
Neutralization and precipitation with Ca(OH)2 in a central effluent plant with 
highly variable effluent characteristics (Section V.D) 
Neutralization of a well-defined, highly concentrated acid stream with 
Ca(OH)2 (Section V.E). 

The last four examples are based on industrial case studies. 

A. EXPLORATION OF A GENERIC NEUTRALIZATION CONTROL PROBLEM 

Before presenting the industrial case studies, it is helpful to use the tools 
developed to explore a generic problem, allowing some general results and in- 
sights to be developed. 

1. Problem Dejinition 

To qualify as a generic problem, the disturbance conditions, treatment system 
structure, and performance targets should be typical of real problems while 
avoiding unnecessary complexity. These aspects of the generic problem are de- 
fined and discussed below. 

a. Disturbance Conditions. Disturbances involve both flow and concentration 
changes. Concentration changes are the most challenging, as it is always possible 
to minimize the direct effect of flow by use of flow measurements, e.g., by using 
pH feedback to the ratio between reagent and effluent flow. The disturbance 
was therefore taken as a disturbance in concentration only, for simplicity. The 
most difficult disturbances are those that occur as step changes, so the distur- 
bance is taken as a pulse change in concentration at the inlet to the treatment 
system. The duration of the pulse is taken as 30 minutes, allowing recovery to 
steady-state between the rising and falling edge of the pulse. The precise du- 
ration of the pulse is not important. 

b. Treatment System. The treatment system was assumed to be made up of 
continuous-flow stirred-tank reactors (CSTRs) in series as this is the standard 
industrial system. Most of the examples presented below use equal-sized tanks 
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with id,,,,, .05 V J F ,  as this is typical of industrial systems. Variations from 
this typical system were made to check the generality of conclusions, where 
appropriate. It should be noted that only the ratio of time constants and delays 
will affect performance, as an overall scaling of the model time constants simply 
scales the time axis of the response obtained. Measurement lags were varied to 
illustrate the effect of minor lags on performance. Actuator dynamics and rea- 
gent kinetics are neglected for simplicity, although the associated lags have an 
effect on control performance similar to measurement lags if they are all small 
compared to the residence time. Both acid and alkali reagent addition is assumed 
to be available. For most of the analysis, the reagent addition is assumed to 
have infinite rangeability and precision, as adequate rangeability and precision 
can normally be provided by appropriate detailed design. A deadband error 
effect is considered where an approximation to a practical “sticky” valve is 
required (Section V.A.2). Where controllers are implemented, they are assumed 
to be PI controllers from the exit pH of a CSTR to reagent addition at its inlet, 
as this is the standard industrial system. The final part of this section considers 
the changes required to move from typical PI performance to the ideal delay- 
limited control bound. 

c. Perjiormarice Requirements and Serpoitirs. The target pH is assumed to lie 
in the range pH 5-9 (typical discharge consents). The titration characteristic is 
assumed to be strong-acidstrong-base 

, cnet < 
(50)  

-met+ dcnet’ + 4.10-l4 i 2 PH = -loglo 

pH = c log lo(^). ciiet 2 

as this gives the strongest steady-state nonlinearity in the target pH range. This 
means that the acceptable concentration range is 2 N .  As the disturbance 
i s  approximated by two equal but opposite steps in concentration and hence 
produces equally severe acid and alkali deviations, the optimal operating point 
in relation to ideal delay-limited control or a linear feedback controller (such as 
a PI controller acting on concentration) is 7 pH (0.0 N concentration, midway 
between the upper and lower concentration bounds). As the disturbance is in 
concentration only and perfect actuators are assumed, setpoints other than that 
of the final stage do not affect the dynamic response for ideal or linear control. 
Setpoints therefore need to be optimized only when PI controllers based on 
uncompensated pH measurements are considered. A requirement for the control 
response to recover to near a steady-state is included by requiring that the con- 
centration variations one hour after the disturbance be less than 10% of the 
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concentration variation that would cause violation of the 5-9 pH bounds. In 
terms of pH, this corresponds to bounds of 6-8. 

The overall design problem is to select number of tanks, sizes of tanks, 
number of controllers and controller gains, and integral action times to achieve 
a required disturbance rejection at minimum cost. The generic problem is rep- 
resented in Fig. 4. 

2. Why p H  Control Is DifJicult 

A useful starting point is to examine the characteristics of the pH control 
problem that make it difficult. The most fundamental reason f6r the difficulty 
is the stringency of the performance requirements, which may make it necessary 
to add reagent to within less than . l% of the ideal amount just to stay within 
legal limits on the pH of the treated stream. 

Pure delays in dynamic response impose fundamental bounds on achievable 
disturbance rejection, as discussed in Section II.B.2. Uncertainty imposes ad- 
ditional limitations. For example, if the measurement lag were accurately known, 
it could be canceled and would not limit control performance. But the meas- 
urement response is more complex than this and it is variable over time; thus 
it cannot readily be canceled and combines with the delay to limit controller 
performance (see Sections V.A.3 and V.A.5). Limits on the reagent addition rate 
prevent the ideal delay-limited control bound from being achieved in some cases, 
even in the absence of uncertainty, as infinite actuator range is required (see 
Section V.A.5). However, these limits are not observed to have a major effect 
on PI control performance as the degree of transient overshoot is moderate 
compared to the steady-state control output change required. 

Three effects that have a less clear-cut impact on achievable performance are 
the pH nonlinearity (if uncanceled), the precision limits on the reagent addition, 
and measurement noise. These are investigated below, in the context of the 
generic problem of Section V.A.l, to complete the picture of why pH control 
is difficult. 

... ... 

pH limits 

4 '5 

4 '  

\ I - - - - - - - - - - -  
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PH ' I 3 , :  I 

CSTRl  / CSTRn 
I 

FIG. 4. Generic pH control problem. 
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a. Eflec.t of Nonliriearity. Using a tank having a residence time (V, /F)  of 3 min, 
= 17 1 s, the achievable disturbance rejection was found by 

optimizing a PI controller based on pH and a PI controller based on concentra- 
tion. Secondary lags were neglected. 

= 9 s, and r, 

Delay-limited feedback analysis using Eq. (30) 

indicates that the maximum concentration pulse disturbance level is 1.95 X 

N (calculated as 10-’/6, using t:, = I(/ , , , , , ) .  A PI controller based on pH meas- 
urement was found by optimization to be able to handle 1 X N disturbance 
level. A PI controller based on concentration measurement can handle a 1.6 X 

10- j  N concentration pulse. The nonlinearity therefore has a significant quan- 
titative effect on the achievable performance, reducing the maximum disturbance 
from 80% of the ideal control bound to 509  of the bound. At least for this 
problem. the dominant limitation is given by the process dynamics, as the PI 
controllers in both cases approach the theoretical bound on feedback controller 
performance imposed by the dynamics. This indicates that the effect of the 
nonlinearity on controller response does not necessarily have a strong influence 
on the design. even with the extreme strong-acid/strong-base nonlinearity. 

Input conditioning can often be applied to minimize the effect of nonlinearity 
and chemical buffering usually reduces the nonlinearity compared to the strong- 
acidhtrong-base case considered above. Given that the example above shows 
that even the extreme strong-acidktrong-base nonlinearity does not necessarily 
degrade performance qualitatively, the rest of the analysis is carried out assum- 
ing the titration nonlinearity to be sufficiently compensated as to be negligible. 

17. Ejfect ( f  Precision Error in Reagent Addition. McMillan (1984) notes that 
reagent control valve precision error is dominated by deadband error, where 
“[dleadband error is the change in signal required to start the stroke from a 
stationary position or to change the stroke direction upon a change in signal 
direction.” The deadband in valve stem position error is typically about 1 %  of 
range when a positioner is used. The discussion below assumes a linear valve 
characteristic (relation between flow and stem position for a fixed pressure drop) 
for simplicity. 

This effect was explored by using a PI controller based on concentration 
around a tank with rCl ,,,,, = 9 s and tcr,,,y = 171 s as above. Again, there is no 
reason to expect the conclusions to be sensitive to the particular mixing con- 
ditions. The definition of deadband given leaves some ambiguity as to the valve 
behavior. Two models were considered for a unit deadband error: 
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If ud > u + 1 then u = ud - 1 

If ud < u - 1 then u = ud + I 

and 

If abs(ud - U) > 1 then u = Ud 

The first model corresponds to the valve position tracking the demanded output, 
with an offset of 1 unit (valve sticking and then gliding). The second model 
corresponds to the valve position not responding to discrepancies, with the de- 
manded output smaller than 1 unit and moving promptly to the demanded value 
when the difference exceeds this (valve sticking and lurching). The “sticking- 
and-gliding’’ model is appropriate if the friction resisting movement is indepen- 
dent of the rate of change of valve position. The “sticking-and-lurching” model 
is appropriate if friction becomes negligible once motion commences. Sticking 
and gliding is probably closer to the real behavior, but sticking and lurching is 
also considered as it is not ruled out by the definition and is likely to give worse 
performance. 

Numerical experiments (Walsh, 1993) indicate that the peak-to-peak devia- 
tion of the exit concentration can be bounded, for fairly tightly tuned controllers, 
by calculating the response of the exit concentration to a reagent valve exhibiting 
a square wave oscillation with peak-to-peak amplitude equal to the deadband 
error. The exit concentration variation can therefore be estimated as 

1 
(51) T i”n (1 + (rfcmlx (i)/ru)2)l’2 

where Acnet is the inlet concentration change resulting from a change in valve 
position equal to the deadband. This error would not be the limiting factor on 
transient performance unless the disturbances were much smaller than the total 
load or the deadband error was much higher than the value of 1 %  of range 
achievable using a valve positioner. 

4AcIler 

c. Effect of High-Frequency Measurement Noise. In a well-designed pH meas- 
urement system, a moderate amount of high-frequency noise is usually present 
(about t . 1  pH). This noise has not to our knowledge been analyzed in the 
detail required to carry out a rigorous evaluation of its likely effect. In our 
experience, it does not present any significant difficulty when using PI control. 
It will combine with other forms of process uncertainty to limit the performance 
achievable with more advanced control strategies (see Section V.A.5). 

d. Summary. pH nonlinearity, valve precision, and high-frequency measure- 
ment noise do not have a major impact on the design requirements when using 
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series CSTRs and PI control. The key factors limiting design performance are 
delays and urzcw-tcrinh. 

3. E.taniiiiiItiori of Bounds front Delq-Limited Control Analysis 

The performance bound from delay-limited control analysis (Section II.B.2) 
may be computed for a number of series CSTR systems and compared to the 
performance obtained by optimizing PI controllers. For simplicity and general- 
ity, this \ection assumes the pH nonlinearity to be canceled at the controllers. 

Extensive numerical optimization results (Walsh, 1993) allow a number of 
observations to be made. 

1. The optimal PI performance was within 30% of the correlation 

1 = I . n  

This represents a degradation of performance by a factor of l S n !  com- 
pared to ideal delay-limited control. 

3. If one tank in a multitank chain was uncontrolled, the disturbance atten- 
uation was further increased by about 50%. 

For preliminary design purposes, the estimate from Eq. (52) is an adequate 
predictor of achievable PI performance when all tanks are tightly controlled. If 
control on one tank of a multiple CSTR system is rendered ineffective-due to 
uncertainty. high delay compared to the minimum delay. or simply the absence 
of a controller-the predicted disturbance attenuation should be increased by 
50%. An exception to this is the case of variation in the sensitivity of pH to 
concentration on the final CSTR. In this case, no degradation of performance 
from that obtained with the minimum buffering (maximum titration curve slope) 
will occur as the performance required in terms of concentration deviations 
relaxes along with the controller performance. 

Section II.B.2 suggested that when minor lags are present in addition to pure 
delays, a heuristic “effective” delay could be computed based on the natural 
period of the control loop divided by 4. Numerical optimization suggested that 
Eq. ( 5 2 )  remained approximately valid, although the optimized performance was 
slightly improved compared to the pure delay case. 

Suminury. Estimating t:/ based on physical delays and using Eqs. (30) and (31) 
as appropriate gives a rigorous bound on the achievable performance with any 
controller. Estimating I: as tJ4 and using these equations gives a sensible heu- 
ristic performance bound for PI feedback control (and probably for any con- 
troller that does not cancel the measurement dynamics and hence is subject to 
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the same bandwidth limitations). Estimating t; as t,/4 and using Eq. ( 5 2 )  pro- 
vides a realistic, albeit heuristic, estimate of achievable performance with PI 
controllers, neglecting uncertainty. Loss of effective control on a single CSTR 
in a multiple CSTR system does not have a dramatic effect on the achieved 
disturbance rejection with PI control. 

4. Optimal Sizing of Series CSTRs for  pH Control 

A striking discrepancy between theory and practice in pH control systems 
using individually controlled series CSTR systems is the choice of the relative 
size of the tanks. There is a strong consensus in the literature that equal-sized 
CSTRs are undesirable for control purposes (Shinskey, 1973). However, equal- 
sized CSTRs are the industrial norm. Using the delay-limited control perform- 
ance bound (Eq. 31) 

t); -f#c,,,x(i) n- I 
e tc,,, ( 9  a a = l - Z  

i:I j # i  n ( tch,x( i )  - t c , , , , ,~) )  ;( i = l , n  n fcmIx(iJ 

and a typical cost function of the form k l  + k2VT, it is possible to evaluate the 
desirability of using tanks of different sizes. The requirement to provide a dis- 
turbance attenuation, S,, can be approximated well by 

where F7 is the total flow through the system and t i  < The magnitude of 
the disturbance that can be rejected is approximately proportional to the product 
of the tank volumes, regardless of the number of tanks, if the minimum delay, 
t;, is assumed to be independent of the tank volumes. The economic selection 
of number and size of tanks to give a required disturbance attenuation, 6,, at a 
flow FT therefore takes the form 

min k1.n + k2 Z VT(i)" s.t. n VT(i) = (l/n!)(Fft~)"/6, (54) 
n,Vr(i),i= I ,n i i = l , n  I i = l ,n  

where x # 0. For fixed n the problem becomes 

s.t. n vT(i> = (l/n!)(F,t;)n/6c (55 )  

Cost for a given number of tanks and disturbance rejection capability is therefore 
always minimized by equal-sized tanks and the overall problem simplifies to 

VT(i),i= min I ,n { i =  1 ,n VT(i)x} i= l ,n  
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min n(k1 + k2V;,,,,,) (56)  

with the optimal volume, VT<>,,,. given by V&n!6,)- " ' I .  A similar analysis can 
be carried out using the PI performance estimate Eq. (52) ,  as the predicted 
performance is again approximately proportional to the product of the tank vol- 
umes for a given problem. The optimal volume for this case is given by 
F&( 1.5/6, ) " ' I .  The difference between V7;,,,, with I ?  tanks using the PI perform- 
ance estimate and using the delay-bound equation with the same value of t i  

corresponds to a factor of (1.5 ti!)'''', that is, a factor of 1.5 for one tank rising 
to a factor of 2 for three tanks. 

The use of this analysis is illustrated below. It might be required to estimate 
the optimal series CSTR system to achieve a disturbance attenuation of .001 
with a flowrate of .03 m3/s and r:, = 10 s, using PI control. Using the cost 
function 20.000 + 2000V:" (based on Cushnie. 1984) and Eq. (52) gives a 
minin~um cost CSTR system with two tanks having a volume of 11.6 m3 each 
and a cost of f67.000. For comparison. a single-tank system would cost 
f164.000 and a three-tank system would cost E75.000. Increasing or F ,  pro- 
portionately increases the required volume for a given 11.  An increase of a factor 
of 4 in F ,  would shift the economic optimum to three tanks with a cost of 
flOO.OOO and a tank volume of 13.6 m3. It should be noted that the optimal 
volume can be expected to lie below (kllk2)"' (27 m3 in this example) as the 
optimization of I I  will tend to increase the number of tanks until k l  becomes 
the dominant part of the tank cost. Optimal volumes can be expected to lie 
between 10 and 30 m3 if the cost expression used is appropriate. 

For typical values of FT of 30-300 m7/hr, the predicted optimal volumes of 
10-30 m' correspond to residence times of between 2 and 60 min. It should be 
economically attractive to achieve mixing near the achievable bound (see Sec- 
tion 1V.D) with tanks of this size, so that fc/,,,,x = 10 s independent of tank 
volume. The main secondary lag in typical applications is the measurement lag. 
The value of this lag varies with installation conditions but is not dependent on 
tank volume and may be generally taken as less than 30 s. This gives an effective 
t(', = 25-30 s and a rigorous re) = 10 s, with both values independent of tank 
volume. This shous that the two main assumptions of the above analysis (t,/,,,,, 
Q q ,,,,, and t;i # J'( V7{i)? i = 1. 1 2 ) )  are roughly satisfied at the optimum for 
typical problems. This confirms the validity of the analysis for typical treatment 
syslems. I f  flowrates were much above 300 m'/h or the CSTR cost function was 
quite different. these assumptions might not hold. 

The above analysis does not consider other known economic benefits that 
arise from choosing equal-sized tanks-buying in bulk, simplified construction, 
and reduction in number of spares required. These factors all reinforce the ec- 
onomic desirability of equal-sized tanks. 

! I  
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Summary. It is possible to rapidly estimate the economically optimum number 
and size of CSTRs in series required to achieve a given disturbance attenuation. 
The design obtained from this analysis will always have equal-sized tanks due 
to the dependence of the constraints on the product of the tank residence times. 
The tanks will typically be between 10 and 30 m3 in size with residence times 
between 2 minutes and 1 hour. This is consistent with industrial practice and 
contradicts the recommendation in the literature, based on frequency response 
arguments, that tank sizes should be split in a ratio of about 1 : 4 or greater 
(Shinskey, 1973; Moore, 1978; McMillan, 1984). This provides a simple illus- 
tration of the ability of the integrated approach to balance operability and eco- 
nomic considerations in a way that qualitative argument cannot. 

5. Toward Ideal Control 

In the light of the analysis in the rest of this section, let us review what the 
cost of using PI control is in comparison to achieving the ideal delay-limited 
control performance bound, and let us examine some measures that may reduce 
this gap. 

and 
that there is a factor of about ( lSn!) ’”  between the optimal volume with PI 
control (without uncertainty) and the volume required, assuming the perform- 
ance bound is reached. The PI performance is governed by the effective delay 
(ti = rJ4) rather than the actual pure delay. The maximum effective delay, 
assuming a mixing delay rd,,x of 10 s, a probe lag of up to 30 s, and a CSTR 
with tc,,, % rdm,x, is 28.7 s. The measurement lag may therefore imply almost a 
threefold increase in the required volume, compared to that required with an 
instantaneous measurement response. 

The volume factor between PI and ideal control for a given t;, (lSn!)’”‘, 
may be ascribed to the fact that the PI control response differs from the ideal 
control response. It is necessary to characterize the ideal control response in 
order to identify the characteristics preventing its attainment. The initial control 
action taken by the ideal controller must be sufficient to reverse the direction 
of change of concentration at the exit of the nth tank of a n tank treatment 
system. For one tank, this is achieved by any control action that turns a reagent 
excess into a deficit or vice versa. For more than one tank, infinite control action 
at the treatment system inlet is required to reverse the direction of change be- 
cause the initial process gain to a pulse input is zero. Finite reagent delivery 
capacity therefore prevents the ideal control bound from being reached for more 
than one tank with control on the first tank only. In order not to make the 
disturbance worse, the ideal delay-limited control must not take a control action 
more than twice that required to cancel the disturbance-at least if the con- 

In Section V.A.4, we showed that optimal volume is proportional to 
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straints are symmetric about the initial value. This means that the ideal controller 
must identify the disturbance magnitude and type quite accurately from the 
initial rate of change of pH observed. This will be obstructed by noise and errors 
in the model relating pH changes to concentration changes. PI control forms an 
estimate of the disturbance magnitude without using derivative information and 
is therefore slower and more cautious than an ideal controller. 

The most significant factor that would allow closer approach to the ideal 
bound is reducing or canceling the pH measurement lag. Cancelation of the lag 
by lead-lag filtering would be a very effective method of improving control 
performance in the absence of uncertainty. As discussed in Section IV.C, the 
probe response is very complex (although the effect on the control performance 
can be approximated by an uncertain first-order lag). A greatly improved un- 
derstanding of probe behavior would be needed to allow effective cancelation 
of the probe dynamics within a control system. High-frequency measurement 
noise will also limit the degree of lead-lag filtering that is practicable. 

Probe lag is a function of installation conditions, in particular decreasing with 
increasing fluid velocity past the probe. This velocity is relatively low in a stirred 
tank compared to a properly designed sampling system or injector probe assem- 
bly (McMillan. 1984): thus the use of alternatives to mounting the probe directly 
in the CSTR should be given careful consideration. The other key factor in 
probe response time is fouling and probe maintenance. The long-term solution 
to slow response due to fouling may come from advances in measurement tech- 
nology; but until such time, the potential benefits of careful maintenance and 
operating in conditions that minimize fouling (underneutralization rather than 
overneutralization) should be noted. 

At the design stage the choice of the maximum probe lag to be considered 
has a major impact on the final design if transient performance is the limiting 
factor. In most of the case studies presented in this section, 30 seconds has been 
used based on discussion with experienced engineers familiar with systems using 
probes mounted in stirred tanks. This figure can probably be reduced for other 
types of instailations, as in the case study in Section V.C. Improved understand- 
ing of measurement response would be helpful in choosing the appropriate 
value. 

If i t  is desired to evaluate advanced control schemes, the models used in this 
work should be regarded as generating an upper bound on practically achievable 
performance; further work is required to generate models suitable for this pur- 
pose. At a minimum, the performance of advanced control algorithms should 
be checked in the presence of correlated noise and actuator deadband error, and 
an improved model of the probe response is likely to be needed. 

S U I I I I W ~ .  The greatest scope for moving performance toward the ideal control 
bound lies in reducing measurement lag and improving understanding of meas- 
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urement response. Constraints on reagent addition rate prevent ideal control from 
being achieved for more than one tank with control on the first tank only. 
Finally, model errors and measurement noise obstruct the achievement of ideal 
control. 

6. Summary 

be clarified. The key conclusions are summarized below. 
The exploration of the generic problem has allowed a number of issues to 

1. pH control is difficult because of delays and uncertainty. The pH nonlin- 
earity, reagent addition precision errors, and measurement noise play a 
relatively minor role. 

2. The bounds on disturbance rejection based on the ideal delay-limited con- 
trol analysis are reasonably tight. The achievable performance with PI 
control (in the absence of uncertainty) may be estimated quite accurately 
using Eq. (52). 

3. The optimal series CSTR configuration to minimize cost for a given dis- 
turbance attenuation requirement and instantly reacting reagent comprises 
equal-sized tanks for typical treatment systems. 

4. The greatest potential for moving control performance toward the ideal 
delay-limited control bound lies in minimizing or compensating for pH 
measurement lags. 

B. PRELIMINARY DESIGN OF A CENTRAL EFFLUENT PLANT 

In this example, we illustrate the use of preliminary design tools in exploring 
design options efficiently. The design problem is represented schematically in 
Fig. 5 .  

The aim of the analysis was to determine the likely benefit from local con- 
tainment of the main pulse flow disturbance in terms of requirements for the 
treatment system. The treatment system was being required to move from 95% 
compliance with discharge consents of 6-9.5 pH to 100% compliance. Two 
CSTRs with 10 minutes residence time at normal flows were already available. 

Reagent selection was not an issue as NaOWHCl were already being used. 
The reaction was assumed to be virtually instantaneous, eliminating steady-state 
considerations. A complete design analysis was not considered justified until the 
decision on local containment had been made. The preliminary control analysis 
(Section III.B.2) was therefore used as the sole design tool. As two CSTRs with 
10 minutes residence time at normal flow already existed, the analysis was 
carried out based on II CSTRs of this size. Application of Hoyle’s correlation (Eq. 
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High concentration 
pulse flow 

CSTR 2 

FIG. 5 .  Design problem for preliminary design 

49) to the existing tank design indicated a mixing delay of 10 seconds. Assuming 
typical industrial probes situated within the CSTRs, the measurement could con- 
tribute a maximum lag of about 30 seconds. Each CSTR therefore has a natural 
period. t,,, of about 2 minutes and a heuristic effective delay (rJ4) of 30 seconds 
(see Section II.B.2). 

Inlet effluent concentration was normally about t . O 1  N ,  but there was a 
regular pulse flow discharge of 30 minutes duration, at comparable flowrate to 
the main effluent streams and between -1  and -3.5 N concentration. There 
was no available means of measuring the effect of this disturbance on the inlet 
concentration. so feedforward control was not considered as an option. This 
discharge gives the worst inlet concentration variation and the maximum flow 
and was therefore taken as the worst case. This disturbance gives a residence 
time per CSTR of about 5 minutes. 

The first scenario explored was the plant requirement to handle all the streams 
with no local containment of the flow pulse. Extensive titration data were pro- 
vided which indicated a minimum concentration change across the consent range 
of ,0005 N .  This compares to the strong-acidktrong-base concentration change 
of about ,00003 N ,  showing that significant buffering is present even in the 
worst case. The slope of the titration curve (apH/a,.,,,,) was observed to vary by 
more than 10: 1 between experimental samples. The inlet concentration change, 
A,.,,,.,. in the worst-case disturbance is 1.75 N .  The rising edge of the pulse is 
much more severe because of the higher associated flow; thus the setpoint can 
be biased toward the upper consent level, giving an allowable concentration 
deviation, 6,.,,,,. of approximately .0005 N .  The required disturbance attenuation, 
6,., is therefore about .OOO3 (.0005/1.75). The attenuation available from n tanks 
whose design is the same as those already available can be examined by using 
the bounds on the performance computed using the pure delay and the effective 
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delay (Eq. 30) and by using the heuristic estimate of attenuation with PI control 
(Eq. 52). The results of this analysis are tabulated below: 

n 1 2  3 4 

Pure delay bound .03 ,0005 6 X 1.2 X lo-’ 
Effective delay bound . I  ,004 .00015 3 X 

PI estimate .15 ,015 .0015 ,00015 

The rigorous bound implies that at least three tanks would be required, and 
the heuristic estimate indicates that a four-tank system would be required when 
using PI control. Even with a four-tank system, it can be expected that meeting 
the performance requirements will be difficult, considering the variation in ti- 
tration curve slope-and hence process gain-noted. 

If local containment is applied to the worst-case disturbance, the new worst- 
case disturbance can be assumed to be bounded by startup to maximum flow, 
giving ACnet = .01 N .  This disturbance may be in either the acid or the alkali 
direction, so 6,,,, is reduced to .00025 N .  This corresponds to a required dis- 
turbance attenuation of .025. The residence time has been doubled and the 
achievable attenuation decreases by a factor of 2” compared to the table above. 
The rigorous bound suggests that one tank might be just adequate (.017 versus 
.025), while the heuristic estimate indicates that two tanks would be required. 
The two-tank system has an estimated attenuation of .004 compared to a re- 
quirement of .025 and should be able to deliver the required performance despite 
the titration curve variability. 

The rules presented in Section II.B.4 indicate that on-off control should be 
considered (maximum disturbance comparable to maximum load and titration 
curve slope varying by more than 5 : 1). The corresponding inlet concentration 
change, Acnef, is at least .02 N (to allow effluent concentration variations to be 
accommodated). The residence time is 10 minutes, and the natural period is 
about 2 minutes. Applying Eq. (45) gives a predicted output concentration var- 
iation of 2.5 X lop5 N, which is much less than the minimum concentration 
variation spanning the consent range (6,,,, 2 .0005 N), confirming that on-off 
control could be a viable option. 

In summary, the analysis indicates that, to achieve 100% compliance with 
the discharge pH consents, either (1) two CSTRs with PI or on-off control and 
local containment of the worst-case disturbance or (2) four CSTRs with careful 
controller design are required. The preliminary design analysis gives a useful 
picture of the tradeoff between the higher-level design decision as to whether 
to contain the main disturbance locally and the “end-of-pipe’’ treatment cost 
without requiring substantial design effort. 

This example follows the procedures in Section III.B.2 quite closely, with 
some judgment being exercized in the selection of the appropriate worst-case 
scenarios. This application is fairly typical of preliminary designs in that good 
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approximations to the worst-case disturbance can be identified a priori, allowing 
computation of the required disturbance attenuation for comparison to the pre- 
dicted performance of series CSTR systems. The main experimental requirement 
was obtaining sufficient titration curves to provide a good estimate of the min- 
imum buffering. Once the key high-level design decision has been made, these 
curves would allow a good uncertainty description for the pH characteristics to 
be developed for the worst-case design. 

C. pH CONTROL OF SEVERAL STRONG ACID STREAMS WITH NaOWHCl 

1. Problem Dejinition 

The process requirements and constraints are summarized in Fig. 6. The dis- 
tinctive aspects of this problem definition are the large delay in measurement 
response due to the sampling arrangement employed, the tight constraint on total 
volume of the treatment system, and the presence of tanks upstream and down- 
stream which assist in meeting the specification. 

The pH relationship was taken as strong-acidstrong-base, as this was found 
to be a good approximation in the target pH range. 

Mixing in treatment system CSTRs was modeled by a mixing delay, tdmlX, of 
7 seconds in series with a mixing lag tc,,,. The 7-second delay was based on 
avoiding both air entrainment and flow short-circuiting with small residence 
times. Careful engineering is required to achieve this mixing delay. The first 
buffer tank had a mixing delay of 30 seconds. The second buffer tank was 
treated as well-mixed. 

All delays were represented by 20 identical first-order lags in series. This 
representation is more precise than the default 10-lag model as the time delays 

Reagents at IONLION 
( I  N= 1 molar available alkali) 1000m3 

Acid 

loads 

Volume44m3 p H > 7  
Minimum CSTR 
residence time I minute 

11.7>pH>I 1.2 

Acid loads; Measurements available within treatment system : 

200-6OomJlhr at -.2N, varying slowly 
Up to 80m31hr pulse at -2N 

Up to 4 0 m 3 h  pulse at -6.N 
Pulses last 2 hours None 

pH +I-.lpH bias, 1-5 seconds lag, 20 seconds delay 
flow +/- 1% of value (bias). 5 seconds lag (filter) 

External measurements; 

FIG. 6. Problem definition. 
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are unusually large compared to the mixing lags, which are less than 2 minutes 
at maximum flow. 

Measurement biases were assumed constant for each simulation of the sys- 
tem. It should be noted that the measurement performance assumed corresponds 
to a “clean,” well-maintained system in which the pH probes are placed in an 
in-line sampling system rather than in the CSTR. 

The slowly varying flow was treated as constant but uncertain. 
As in the previous example, reagent selection had already been made and 

this part of the design procedure was omitted. Reaction was effectively instanta- 
neous. 

2. Design 

a. Preliminary Design. Due to the virtually instantaneous neutralization reac- 
tion, any nontrivial screening test for this problem must be based on dynamics 
(Section III.B.2). The fraction of the worst-case disturbance controllable with 
ideal delay-limited feedback was calculated to provide a controllability measure 
(Section II.B.2). Disturbance concentrations were contracted toward zero by the 
“disturbance fraction.” The disturbances have separate effects due to flow and 
concentration changes. A change in flow at the inlet to the first buffer tank is 
assumed to propagate immediately to the treatment system, changing the net 
concentration following a reagent addition point and creating a disturbance prop- 
agating from this point. A change in concentration at the inlet of the buffer tank 
must propagate through the buffer tank mixing delay before beginning to affect 
the treatment system. The flow and concentration effects are therefore separated 
in time due to the mixing delay in the buffer tank and may be analyzed sepa- 
rately for this system, even though they are not independent. 

The first control structure considered was pH measurement and reagent ad- 
dition at the inlet to the treatment system. This gives a minimum delay of 20 
seconds between the disturbance reaching the exit of the treatment system and 
the control response reaching the exit. All feedback control structures have at 
least this delay, owing to the delay in measurement response. Delay between 
reagent addition and the pH sampling point was assumed to be negligible, the 
required micromixing to attenuate noise being provided by turbulent diffusion 
in the sampling line. Optimization of a dynamic model was used to identify the 
worst-case disturbances and measurement bias, calculate the disturbance frac- 
tion, and select the controller setpoint. Solution of each problem took only a 
few minutes on a SPARC 2. The worst-case disturbances were found to involve 
both acidic flow pulses starting simultaneously for the concentration effect, and 
the lower-concentration, higher-flow pulse starting with the other pulse distur- 
bance already active for the flow effect. The worst-case “slowly-varying” flow 
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varied with the number of tanks in  the disturbance path, being at its minimum 
value with no tanks in the path, and at its maximum value with one or more 
tanks in the path. The optimized controller setpoint was 11.6 to satisfy the 
steady-state pH constraint while giving maximurn margin from neutral. The 
initial pH during the disturbances was 11.5 due to the measurement bias. If no 
backmixing is provided in the treatment system, only 1% of the flow effect or 
8% of the concentration effect can be tolerated. Putting the maximum volume 
into a single tank allows 30% of the flow effect or 93.7% of the concentration 
effect to be tolerated. Splitting the volume evenly, giving two equal-sized tanks, 
allows 8 1.9% of the flow effect or 388% of the concentration effect to be han- 
dled. Uneven division of volume between two tanks or the use of more than 
two tanks is prevented by the requirement of at least one minute of residence 
time per CSTR. 

The dominance of the flow effect suggests that flow information should be 
used directly to cancel this effect. This can be achieved by adding a flow meas- 
urement and controlling the ratio of the effluent and reagent flows based on the 
pH measurement (Section III.B.4). Despite the measurement lag and minor bi- 
ases in flow measurement. this makes the concentration effect dominant. As 
only the two-tank contiguration allows the concentration effect to be tolerated, 
we have two 12-m3 tanks with ratio control of reagent flow at the inlet to the 
treatment system as the starting point for the search for an effective plant. 

The results of the disturbance fraction analysis are summarized in Fig. 7. The 
worst-case disturbance (for the concentration effect) is indicated to be the max- 
imum acid pulses occurring simultaneously. so this becomes the starting point 
for the worst-case design analysis. 

Uirturbmie 
traction 1 

~ .~ 

4 

1 

Type of feedback Direct Flow Ratio 

FIG. 7. Relative performance of alternative processlcontrol configurations. 
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Identifying the worst-case condition was less clear-cut in this example than 
in the example presented in Section V.B. The worst-case disturbance combi- 
nation varied with the process design and disturbance type considered. Using 
the optimization formulation from Section II.B.2 to identify the worst-case was 
therefore very useful. The preliminary control analysis is sufficient to eliminate 
most design options, indicating the need to use two tanks despite the fact that 
this implies unusually low minimum residence times (1 minute compared to the 
norm of at least 3 minutes) and indicating the need for ratio control of reagent 
addition. 

b. Complete Design. PI controllers were used to implement feedback control. 
All controllers in the analysis below attempt cancelation of the strong-acid 
strong-base characteristic, by passing the measured pH through the inverse of 
the nominal strong-acidktrong-base characteristic. As the screening analysis 
coupled with equipment constraints has defined the process parameters for the 
example considered, our optimization objective was to minimize control system 
cost plus the cost of excess reagent compared to the ideal delay-limited control 
case. The design parameters were the controller tuning and setpoints. The un- 
certain parameters were the disturbance characteristics and the varying meas- 
urement characteristics identified in Fig. 6. The disturbances were characterized 
by steps with switching times between 1 second and 10 minutes and variable 
step levels between zero and the maximum flow before and after the switch. 
The steady flow was allowed to vary between its minimum and maximum value, 
This gave a total of 11 uncertain parameters. In addition to the constraints spec- 
ified in Fig. 6, it was required that the concentration recover to within + 3  X 

N of the setpoint within 30 minutes to ensure well damped control. 
The basic control scheme used for the perfect control analysis, a single in- 

line feedback loop, gives 10 times the allowable concentration variation at the 
exit of the second tank for the predicted worst case. Including feedforward 
reagent addition would be insufficient by itself to give the tenfold improvement 
required, due to a 520% error in the estimated load (inferred from pH), so an 
additional in-line ratio feedback controller was added between the two tanks. 
As an additional actuator was therefore available at no extra cost, lead-lag feed- 
forward from the load error at the first controller to the second controller actuator 
was added. To reduce feedforward dynamic mismatch, the lag was set to ap- 
proximately the residence time of the first tank. The lead constant was added to 
the design parameters. 

This scheme (shown in Fig. 8) was successful in meeting the performance 
requirements with the tuning parameters given below: 

setpointl gain1 iatl setpoint2 gain2 iat2 FF gain lead constant 

1.8 ,061 23.3 11.31 ,0082 2. 1.12 20. 
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3. Conclusiotis and Review 

A robust design was developed in the face of strong requirements on distur- 
bance rejection, tight constraints on the equipment, and unusually large meas- 
urement delay. The preliminary control analysis was effective in narrowing 
down the possible designs for consideration. The worst-case design algorithm 
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allowed the development of a feasible design which was shown to be close to 
optimal. This example shows that the worst-case design algorithm developed is 
capable of solving realistic problems, confirms the existence of nonvertex con- 
straint maximizers and indicates the use of a projection factor to trade off ac- 
curacy of solution and computation time to be effective. 

D. Ca(OH)* NEUTRALIZATION WITH HIGHLY VARIABLE TITRATION 
CHARACTERISTIC (CENTRAL EFFLUENT PLANT) 

1. Problem Definition 

The objective of this case-study was to evaluate a proposed design for a 
treatment system for a central effluent plant dealing with waste streams from 
many sources. 

The proposed design is a two-CSTR system with minimum residence time 
per tank of 24 minutes. Each tank is supplied with 5% wlw (1.45 N) hydrated 
lime (Ca(OH)*) reagent controlled based on pH measured at the exit of the tank. 
Detailed tank design was such that a mixing delay of less than 10 seconds was 
expected. The neutralization tanks are followed by a flocculation tank with a 
minimum residence time of 10 minutes. There is an agitated level-controlled 
buffer tank upstream of the neutralization tanks, giving about 12 hours of con- 
centration and flow equalization at maximum flow. The scheme to be evaluated 
is shown in Fig. 9. 

The aim is to be able to control with setpoints between 7.5 and 8.5 pH k 
.5 pH. The 2 . 5  pH bounds are applied at the jlocculation tank. This has the 
effect of reducing variability in the concentration (as compared to the second 
tank) and taking account of the discrepancy between average pH in the second 
controlled tank and in the flocculation tank due to carryover of reactive lime. 

The presence of the buffer tank upstream means that process disturbances are 
greatly attenuated. Nevertheless it was desired to be able to make step flow 
changes of at least 50% of design flow, introducing significant disturbances. 

The pH probe response is described by a lag of 5-30 seconds. Biases of up 
to k .25 pH are assumed to be possible on pH measurement. 

CSTR 1 CSTR 2 

FIG. 9. Treatment system to be evaluated. 
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Twenty-four-hour flow-averaged titration curves collected over one month 
were taken as representative of the titration curve variability to be expected at 
the exit of the buffer tank. The curves are shown in Fig. 10 with pH plotted 
against net concentration in normals, pH 5 being taken as zero net concentration. 

The key characteristics of titration data for design purposes are the slope of 
the titration curve (apHlacnet) and the variability of this slope. The titration data 
are shown in Fig. 1 1  in the form of (IlpWdcnel) as a function of pH. The titration 
curve slopes show a variability between 4: 1 to 10: 1 above pH 3; e.g., the slope 
between 7 and 9 varies 5: 1 with values between 1000 pHIN and 200 pHIN. 
The maximum slope of 2000 pHIN was loo0 times less than the maximum 
slope for the strong-acidstrong-base titration characteristic, showing substantial 
buffering even in the worst case. The peak sensitivity in the target region (7-9 
pH) was lo00 pHIN. Inlet concentration ranged from .08 M to .035 M acid 
(-.08 to - ,035 N). For the analysis carried out, it is assumed that any titration 

l 
9 0 0 /  

850  

I 

I 

800 1 
7s0 i- 
7.00 I 

6.50 k 

5.50 t 
5.00 f 

~ 

i 

4.50 1- 
400 1-  
3 50 - 

3.00 i- 

j 
~ 

2.50 ;- 

r 
1.50 1- . 

I 

_ _ - -  

I::--- 

I 
~ 1 .. --A_- I -  1 J N 10-3 l k  

-8000 -6000 -4000 -2000 000 20 00 

FIG 10 Titration curces 



OPERABILITY AND CONTROL IN PROCESS SYNTHESIS AND DESIGN 381 

2.00 

1.90 

1.80 

1.70 

1.60 

1.50 

1.40 

1.30 

1.20 

1.10 

1 .00 

0.90 

0.80 

0.70 

0.60 

0.50 

0.40 

0.30 

0.20 

0.10 

0.00 

7 

- 

- 

- 
- 

-- 

- 

- 

- 

- 

- 

--- 

- 

-. 

- 

- 

- 

- 

- 

- 
- 

- 
~~ 

I I I I I 

PH 
2.00 3.00 4.00 5.00 6.00 7.00 8.00 

FIG. 1 1. Variation of titration curve slope with pH. 

curve lying within the range of sensitivities observed may occur; i.e., there is 
no correlation between buffering at different pH levels. The “max buffering” 
and “min buffering” curves in Fig. 10 represent the extremes under this as- 
sumption and do not depart substantially from the observed curves. 

The titration curves are given below in the form of ranges of concentration 
change spanning a given pH range. The reagent concentration required to reach 
pH 7 (cnet = 0) varies from about .035 N to .08 N ,  due to the inlet concentration 
variation noted above. 

PH range 2-3 3 4  4-5 5-6 

Concentration (N) ,015-.03 ,0015-,007 ,001-,005 .0005-.005 

pH range 6-7 7-9 

Concentration (N) ,0007-,005 ,002-.01 
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Reagent dynamics were modeled using the standard model (Eq. 47): 

As the acid concentrations are moderate, k2 and k3 may be set to zero without 
introducing significant errors. k ,  was taken as .08-.I2 to allow for modeling 
error and k,,, was taken as 1 as there was no reason to expect atypical mixing. 

The particle size distribution was assumed to be given by 

1 

1 . 1 5 6  
exp(-((ln(r,) - l.39)/1.15)2/2), rI, < 250 p (57) HMr , ) )  = 

2. Anulysis qf Design 

u. Preliminat? Corztrol Analysis. The maximum sensitivity of pH to concentra- 
tion in the target pH range is 1000 pWN. Allowing for the measurement bias 
of k.25 pH the acceptable transient deviation is reduced from .5 to .25 pH 
corresponding to = .00025 N. The worst-case disturbance will be a step 
from 50 to 100% of flow corresponding to a maximum inlet concentration 
change. of up to .04 N .  This disturbance is worse than a step from 0 to 
50% of flow because although it has Acne, = .08 N, this step has half the as- 
sociated flowrate, which with 3 tanks in the disturbance propagation path implies 
8 times the disturbance attenuation available in the worst case. The required 
disturbance attenuation at maximum flow is about .006 (6c,ze,lAc,fel). 

The mixing delay is 10 seconds. The maximum measurement lag is 30 sec- 
onds. The reagent dynamics are complex, but the effective lag associated with 
the initial responsc is no more than 10 seconds (based on examination of time 
for 50% conversion of reagent using the model given above). The effective 
delay, calculated as tJ4 (Section 11.B.2), is therefore about 41 seconds. The 
estimated disturbance attenuation with PI control is 8 X (Eq. 52). Transient 
control performance is not expected to be a problem for this system and a basic 
control scheme should be adequate. 

b. Steuriy-State Analysis. To meet the performance requirements at steady- 
state, the reaction of Ca(OH)2 downstream of the controlled tanks must not raise 
the pH by more than .5 pH in the flocculation tank. This assumes that the 
setpoint in the second tank is chosen .25 pH below the target value so that 
maximum margin for carryover is provided, given the measurement errors. This 
is equivalent to at least .625% of the reagent reacting downstream. Also, the 
reagent carrying over from the first tank to the second tank must not cause the 
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pH in the second tank to rise above its setpoint, preventing effective control. 
For a standard control scheme with fixed setpoints, it is necessary to establish 
a choice of setpoints for the first and second tanks that meets these requirements. 

Shortcut analysis can be used to indicate whether a problem is likely. The 
time from 97 to 99% reagent conversion is about 1 minute based on the dynamic 
titration curves shown in Fig. 12 and the associated titration curve. Using this 
value of 1 minute as the equivalent reaction lag, T,, the carryover of reagent 
may be estimated by using Eq. (46). 

The following table indicates carryover of reagent added to one tank from 
the tank exits downstream. 

tank I tank 2 tank 3 

tank 1 .04 ,0016 ,00015 
tank 2 .04 .0036 

PH 

9.5c 

9.m 

8.50 

8.00 

7.50 

7.00 

6.50 

6.00 

5.50 

5.00 

4.50 
I I I t  time 

0.00 200.00 400.00 600.00 

FIG. 12. Dynamic titration experiments with Ca(OH)* ( 1 ) .  
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The shortcut calculation results indicate that there should be no problem with 
excessive carryover provided less than 11.6% 1.0016(1 - x) + .04.x S ,006251 
of the reagent is added to the second tank. The second tank should not be 
swamped by reagent from the first tank, provided at least 4% of the total reagent 
is required to make the shift between the first and second tank pH setpoints. 
This margin between setpoints allows all the reagent to be added to the first 
tank without the 4% carryover to the second tank causing the pH in the second 
tank to increase above the second tank setpoint. Choosing setpoints to keep the 
reagent addition to the second tank between 4 and 11.6% of the total reagent 
addition is not possible as the titration curve slope shows variability of at least 
5 : 1 when most of the reagent has been added. As the shortcut calculation should 
be pessimistic (at least for carryovers of the order of l%),  it is likely that the 
system will work. Analysis of the full reagent model is required to confirm 
this. 

Using the full model gives the carryover table below as k l  varies from .12 
to .08. 

tank I tank 2 tank 3 

tank 1 0084-.0124 .00027-.00057 .00003S-.OO01 
tank 2 .0084-.0124 . ~ 6 - . 0 0 1 2  

it should be noted that, as k2 and k3 are assumed to give no contribution to the 
rate, the calculated carryovers are independent of the particular pH setpoints in 
the tanks. If the pH setpoint in the first CSTR is below about 3, carryover of 
reagent added to this tank should be slightly lower owing to acid acceleration 
of the reaction. 

The analysis indicates that up to about 50% of the reagent can be added to 
the second tank without excessive downstream pH drift in the worst case. Pro- 
vided at least 1.2% of the reagent is required to make the shift between the first 
and the second tank pH setpoints, the second tank should always be adding 
some reagent. Despite the titration curve variability of up to 10: 1 >  there should 
be no difficulty in accommodating these requirements. Steady-state conversion 
is not likely to be problematic. 

The more precise analysis shows the shortcut analysis to have been pessi- 
mistic-as expected-although the results tally within an order of magnitude. 
If the effective time constant had been based on the initial part of the batch 
titration responses (7,. less than 10 seconds). the shortcut analysis would have 
been optimistic compared to the full analysis. 

3. Cot id 14s ioii.5 t i t  i d  Re i k t .  

The proposed design was shown to be capable of meeting the performance 
requirements quite comfortably without having to carry out a complete design. 
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The preliminary analysis (Section III.B.2) indicated sufficient performance mar- 
gin to allow confidence that the design was adequate. 

The plant described has now been commissioned and is working satisfactorily 
as predicted. pH differences between the second tank and the flocculation tank 
have been observed to be small (less than .3 pH) and may be dominated by 
measurement errors. These observations are consistent with the analysis above. 

E. Ca(OH)* NEUTRALIZATION OF A SINGLE EFFLUENT STREAM AT 

HIGH INTENSITY 

I. Problem De$nition 

This section discusses work carried out on the design of an effluent treatment 
system for neutralization of a highly concentrated (- 1 1.8 N) acid stream, pre- 
dominantly composed of HCl. 

The design problem is to produce a neutralization system that can maintain 
a pH of between 6.5 and 7.5 after all reagent has reacted. Effluent load is high 
and low suspended solids are required. A good-quality high-calcium hydrated 
lime was used as it was the cheapest reagent meeting these requirements and 
reacting reasonably rapidly. 

The reagent was to be delivered as a 20% w/w slurry (standard practice), 
giving a concentration of about 5.9 N .  The concentration of acid in the neu- 
tralized stream is therefore about -4 N due to dilution effects (reagent flow is 
twice the effluent flow near neutral). 

It is desired to vary the flow of effluent readily. This requirement was cap- 
tured by requiring that the system be able to start up with a step to 50% flow, 
followed by a step to 100% of flow one hour later and a step to 25% of flow 
after a further hour. 

Cost analysis indicated that the total treatment system residence time should 
be kept below about 30 minutes (qualitative reduction in civil costs) while min- 
imizing the number of CSTRs (low marginal cost with volume and substantial 
cost per unit). Additional cost reductions could be obtained by reducing the total 
residence time further. 

Imperfect CSTR mixing is estimated to introduce 10 seconds dead time be- 
tween reagent addition and measurement response. 

pH measurement properties are characterized by a k 0.25 pH bias and a first- 
order lag between 5 and 30 seconds. To avoid degraded measurement perfor- 
mance, it is required that the pH controller setpoints lie between 2 and 12 pH. 

The titration data are tabulated in terms of the alkali concentration change 
required for a given pH change. 

PH range 1-2 2-2.5 2.5-3 3-5 5 4  6-8 

Concentration change (N) .01 .006 .003 ,001 ,001 ,008-.02 
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The only significant variability in the buffering was between 6 and 8 pH. The 
effluent to be treated has a siowly varying acid concentration around - 1 1.8 N .  
Zero net acidlaikali concentration was taken as giving a pH of 7. 

The dynamic titration data for this problem (Fig. 13) were consistent with 
the model discussed earlier, so the following model is taken to be appropriate 
(Eq. 47): 

There is uncertainty in the kinetics due to model mismatch, errors in fitting the 
model, and variations in mixing conditions, temperature, and particle size dis- 
tribution. For this application, an overall uncertainty in the rate, &,]at, of k 40% 
was included to allow for these factors, with k ,  = 0.1, k2 = 7.5, and k3 = 1.5. 

model 1 

experiment I 
model 2 
experiment 2 
model 3 
experiment 3 
model 4 

experiment 4 

model 5 
experiment 5 

- _ - - - -  - - -  
_ - - - - _ _  
_ - - _ _  

- _ - - - - - _  - - _ _ _ _  
_ - - - - _ _  
- - - - _  

- - - - - - - - . 

ecs x 103 



OPERABILITY AND CONTROL IN PROCESS SYNTHESIS AND DESIGN 387 

For CSTRs, kmix was assumed to be 1, while for in-line mixers kmix was assumed 
to be between 0.5 and 0.9. A surface reaction rate of 1.5 PIS was assumed to 
allow for a possible change in reaction mechanism at high acid concentrations 
not ruled out by the experimental data. The particle size distribution was as- 
sumed to be given by Eq. (57): 

1 

1 . 1 5 6  
exp(-((ln(r,) - 1.39)/1.15)*12), rp < 250 p 9(lntrp)) = 

(same reagent source as previous example). 

2. Design 

a. Preliminary Control Analysis. The maximum sensitivity of pH to concentra- 
tion is 250 pWN. Allowing for measurement bias, the acceptable transient de- 
viation is about .25 pH, giving 6,,,, = .001 N .  The worst-case disturbance will 
be the step from 50 to 100% of flow corresponding to a concentration change 
at the treatment system inlet, A,,,,, of about 2 N .  The required disturbance 
attenuation, S,, at maximum flow is therefore about .0005. 

Ideal delay-limited feedback analysis with n equal-sized tanks (Eq. 30) may 
be used to give a rigorous bound on achievable performance. This indicates that 
with simple control from CSTR pH to reagent addition, the minimum residence 
time required for one CSTR is 5 hours while the total residence time required 
for two CSTRs in series is 10 minutes. Combined feedforwardfeedback control 
was also considered. The feedforward reagent addition was estimated to have a 
relative error made up of k 2% varying linearly with flow and k 3.5% varying 
slowly with time in the flow range of interest. This implies a potential benefit 
from feedforward of about a factor of 10 in disturbance rejection, requiring the 
feedback system to achieve a disturbance attenuation of 0.005. The minimum 
residence times for the combined control scheme are then 35 minutes for a single 
CSTR and 3 minutes for a two-CSTR system. A single CSTR system using 
combined feedforwardfeedback control as above can therefore be eliminated on 
control grounds without the need for controller design and simulation. 

Using Eq. (52) and an effective delay of about 41 seconds (as in Section 
V.D) to estimate the likely PI performance, indicates a total residence time of 
about 25 minutes for a two-CSTR system with combined feedforward and feed- 
back and a total residence time of 75 minutes without feedforward. As the cost 
of the feedforward controller is small compared to the cost of an extra tank or 
the extra civil work to accommodate a residence time above 30 minutes, the 
scheme with feedforward control and two CSTRs seems likely to be the pre- 
ferred option to achieve good control. 
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h. Steady-Stcite Aizalysis. A second fundamental limit on system design is the 
steady-state reagent conversion. The pH downstream of the treatment system 
must lie between 6.5 and 7.5 for all values of the relevant uncertain parame- 
ters-measurement biases. rate of reaction, and the relationship between pH and 
concentration. If sufficient unreacted reagent cames over from the final stage, 
i t  will cause the pH to drift upward excessively downstream. Considering two 
CSTRs in series with the second tank using caustic reagent (NaOH) due to 
potential metering problems at low flows, the minimum total residence time is 
found to be 85 minutes. This value was generated using a steady-state worst- 
case optimization in which the downstream pH following complete conversion 
of reagent was required to be between 6.5 and 7.5 and the second tank was 
required to be adding reagent continuously at steady-state. The pH setpoint for 
the first tank was set to 2 ,  the allowable value most favorable to reagent con- 
version. The second tank setpoint was set to 6.75 as this is the lowest value 
consistent with meeting the specification, given measurement errors. Flow was 
set to 100% of design rate. The CSTR residence times were optimized. The 
measurement biases, the uncertainties in the rate expression, and the uncertainty 
in the titration curve buffering were the relevant uncertain parameters. Ten 
CSTRs in series were used to model the plug-flow reactor. 

The 85-minute residence time required for reagent conversion in a two-CSTR 
system greatly exceeds the desired maximum residence time of 30 minutes. It 
i s  therefore necessary to modify the treatment scheme so as to improve reagent 
conversion while retaining adequate control response. Previous design practice 
indicates adding a third CSTR, but this would result in an undesirable increase 
in cost. The approach adopted was to use a simple low-cost plug-flow reactor 
(PFR) before the first CSTR to achieve improved reagent conversion. A PFR 
has very poor feedback control characteristics as it increases the delay in the 
controller response considerably. It was therefore decided to use feedforward 
control to add most of the reagent to the PFR, while allowing feedback control 
from the first CSTR pH to add reagent directly to the CSTR. An additional 
feedback loop (feedforward trim) was included to monitor the ratio of reagents 
added to the PFR and CSTR and adjust the feedforward ratio so that the actual 
ratio was at its desired value. This minimizes the effect of feedforward calcu- 
lation errors, allowing maximum benefit to be obtained. The maximum PFR 
residence time was estimated to be 2 minutes. The idea of using a PFR to assist 
in meeting steady-state requirements, which emerged in this case-study, has been 
incorporated into the design procedure (Section III.B.4). This scheme is shown 
in Fig. 14. 

Repeating the steady-state worst-case design with the new scheme gave a 
minimum total residence time of 20.3 minutes, which is satisfactory and com- 
parable to the requirement predicted from the control analysis. The PFR resi- 
dence time went to its maximum value of 2 minutes. The fraction of total 
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effluent 

CSTR 1 CSTR 2 

FIG. 14. Final process and control scheme. 

Ca(OH), added to the PFR was optimized along with the reactor volumes and 
found to have an optimum value of about 94.5%. Requiring the two tanks to 
be of equal size did not significantly alter the minimum residence time. Equal- 
sized tanks were therefore assumed for further analysis, as this has inherent 
benefits in terms of cost and should be optimal for control. 

At this point in the design process, a structure that meets the steady-state 
requirements and is likely to meet the control requirements has been obtained. 

Each steady-state worst-case optimization took about 15 minutes to run (on 
a SPARC 2). The worst-case combination was minimum rate of reaction with 
the measurement biases pushing the effective setpoints upward by .25 pH and 
the minimum buffering. This was a relatively simple worst-case optimization 
and no projection factor was used. This vertex worst case was in fact correctly 
chosen a priori based on physical considerations, and was promptly reidentified 
in the local phase of the constraint maximization. Most of the optimization time 
was spent verifying this choice of the worst case by vertex enumeration and 
random search. 

c. Complete Design. At this point it becomes appropriate to carry out a full 
dynamic worst-case design, as a design structure has been identified that is likely 
to satisfy the design requirements and be close to optimal. The uncertainty in 
measurement dynamics and in the feedforward calculation was added to the 
sources of uncertainty considered when looking at the steady-state behavior. PI 
feedback controllers were assumed initially. The feedforward controller was 
started with a fixed ratio of 92% for the first increase in flow (feedback adjust- 
ment must be disabled when there is no flow), after which the feedback adjust- 
ment of the ratio was enabled to bring the fraction of Ca(OH)2 added to the 
PFR to 95%. The first tank setpoint was set to 2 pH as before. The feedforward 
trim adjustment is predominantly integral, so the gain was set to a small value 
(.01 with a process gain of about 1) and only the integral action time was 
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adjusted. The tuning of the three feedback controllers and the setpoint for the 
second tank were optimized along with the CSTR volume and the PFR volume. 

The input conditioning function tabulated below was used on the first CSTR 
pH controller, as the steep titration curve slope between 3 and 6 pH poses a 
risk of limit-cycling (see Section III.B.4): 

pH in 1 .  2.5 3 .  6. 8. 

“pH” out I .  2.5 2.75 3 .  5. 

The main effect of this conditioning function is to prevent the rapid pH shift 
between 3 and 6 pH. giving rise to a sharp kick in the control response which 
could otherwise cause oscillations. The input conditioning is assumed to be 
implemented as a piecewise linear function, as this is the method generally 
available in control software. 

The optimization attempted to minimize total reactor volume, subject to 
maintaining the downstream pH between 6.5 and 7.5 and to the second CSTR 
pH recovering to within ,005 pH of the setpoint 30 minutes after a load change. 
The latter requirement was imposed to ensure reasonable damping. 

The optimization generated a minimum residence time of 27.4 minutes with 
2 minutes residence time in the PFR and 12.7 minutes in each CSTR. The 
controller tuning obtained was 

K< iat ( 5 )  setpoint 

CSTR I . I 3  loo0 2pH* 
CSTR 2 .08 300 6.88 pH 
FF trim .01* 8.4 95%* 

The variables indicated by an asterisk (*) were assigned a priori. The feedfor- 
ward (FF) trim controller gain is dimensionless as both the input and the output 
are ratios of flows. The CSTR controller gains are in m’/h reagent per m3/h acid 
at maximum flow per pH. Some of the tuning parameters were on bounds, but 
the associated Lagrange multipliers did not indicate a significant incentive to 
rerun the optimization. 

This design is likely to be close to the optimum design for this problem as 
control scheme modifications have limited potential to reduce the equipment 
size and there is no apparent means to eliminate any of the reactors without 
violating the constraint on residence time. 

The worst-case dynamic optimization took 4 days on a SPARC 2, highlight- 
ing the importance of using efficient screening tools rather than plunging into 
the ful l  design analysis for each alternative design considered. There were 10 
uncertain parameters altogether; feedforward error was characterized by a fixed 
bias ( +- 2% of value) and biases at minimum and maximum flow ( & 3.5% of 
value) with linear interpolation at intermediate flow, two pH measurement lags, 
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two pH measurement biases, the titration curve slope between 6 and 8 pH, the 
overall uncertainty in rate of reaction, and the uncertainty in the rate of reaction 
in the PFR. Vertex enumeration and up to 200 random points were allowed for 
the global phase of the search and p z y i  = 1 was used for the local search. As 
the model was slow to run (about 2 minutes for a function evaluation and 10 
minutes for a gradient evaluation), careful a priori selection of worst-case com- 
binations was used. Three worst cases were set a priori and an additional worst 
case was identified by vertex enumeration, although this did not greatly alter 
the solution. All the worst cases were vertex points. A projection factor of .05 
on the maximum flow was used and only two iterations were needed. The La- 
grange multipliers indicated two of the a priori worst cases to be dominant. In 
both of these the measurement lags were at their maximum value of 30 seconds. 
In one worst case the setpoints were biased high with low reaction rates (the 
steady-state worst case) and the feedforward error as a function of flow was set 
so that the effective feedforward ratio would increase with flow, tending to push 
the transient toward the high pH limit. In the other case the setpoints were biased 
low with high reaction rates, and the feedforward error as a function of flow 
was set so that the effective feedforward ratio would decrease with flow, tending 
to push the transient toward the low pH limit. The pH responses associated with 
these two worst cases are shown in Fig. 15, illustrating the diversity of response 
the treatment system is designed to accommodate. 

The maximum transient deviation is actually somewhat less than expected 
from the earlier analysis (0.12 versus 0.25 pH). This largely reflects the fact that 
the feedforward trim allows a consistent benefit from feedforward of almost a 
factor of 20 compared to the factor of 10 assumed in the earlier analysis. 

This example is at the limit of what could be handled on a SPARC 2, despite 
all the measures discussed in Section 1I.A to improve efficiency. 

VI. Conclusions 

The proposed approach to integrated design has been applied successfully to 
chemical wastewater neutralization systems. This approach has been shown to 
be effective in allowing the efficient development of robust low-cost designs. 
The results achieved show that an integrated attack on design problems using 
computer-aided process engineering tools is feasible. 

A number of techniques have been presented that can be used in many other 
contexts. The delay-limited control analysis and the worst-case design method 
may be directly applied to a wide range of problems. Development of a suitable 
design procedure, models, and additional tools for any new problem area would 
require considerable effort. We consider that appropriate design procedures for 
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FIG. 15. Worst-case downstream pH responses. 

many problems would retain the basic structure of preliminary control analysis, 
steady-state analysis. and full design with dynamic models and uncertainty. 
There are many opportunities for extension of the work described. 

Dynamic optimization of realistic problems remains time-consuming and 
model reliability can be a major obstacle on large problems. Many industrial 
models require considerable hand-holding to get them to work at all. Improve- 
ments in computing power, solution techniques, and model-building tools are 
clearly needed for the widespread utilization of this technology. It is likely that 
no single approach to dynamic optimization will prove universally appropriate; 
thus, the software packages that intelligently select appropriate strategies are 
needed. 

The algorithm presented for design with uncertainty seems quite effective, 
but a number of useful extensions can be identified. 

t .  The use of a single polyhedron for the set of uncertain parameters is 
restrictive and should be generalized to allow more complex restrictions 
on the allowable parameter set. While this is straightforward conceptually, 
its implementation needs careful attention to maintain the efficiency of the 
algorithm. 
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2. Logical constraints could be introduced to the vertex search to identify 
and eliminate redundant vertices and make the search more efficient. 

The use of the design techniques in other problem areas should be explored. 
We are currently exploring the design of batch distillation columns and the 
design of distributed chemical plant. 

Notation 

Symbols 
at01 
C 

ci 

cx 

c s i g  

cnet 

cweak 

J 
Jd 

absolute tolerance on integrator error control 
vector of constraints 
the ith constraint 
concentration of acidmase x in normals 
the smallest significant constraint violation 
the net acidhase concentration in normals (alkali = positive): taken as zero 
at the reference pH (pH,,) 
the concentration of weak acids that dissociate below the reference pH 

“majorized” constraints 
disturbances 
tolerance on location of time of discontinuity 
residual function of DAE equations 
a general function of variable x 
flexibility index 
total flow 
recirculating flow generated by agitator 
reagent flow 
reagent flow corresponding to upper pH limit 
reagent flow corresponding to lower pH limit 
residual function of algebraic equations 
gradient vector of objective, J ,  w.r.t. 0 
height of tank 
controller integral action time 
flag for whether vertex enumeration is used in constraint maximization 
the set of i corresponding to inputs, u,, connected by a controller to the jth 
output, YJ 
the set of i corresponding to inputs, u,, having a strong effect on the jth 
output, YJ 
objective function 
the set of j corresponding to outputs, y,, from which the effect of the 
disturbance, d, can be compensated 
constants in sdid alkali reaction equation 
equality interior point constraints 
number of elements of constraint vector c 
number of equality constraint elements of constraint vector c 
inequality interior point constraints 

(PHred 
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number of equations in the model 
number of local searches during local constraint maximization 
number of local searches during global constraint maximization 
number of uncertain parameter vectors in V, 
number of random searches 
number of elements of V,, that have been preset 
number of parameters for which gradients are required 
number of parameter sets in V, 
rector of n ,  operating variables 
specified optimization accuracy 
set of operating variables 
vector of nl, design variables 
set of design variables 
thc potential indicated by a pH probe 
the reference pH used in defining cnct or crrenk 
dynamic path constraints 
particle radius 
relative tolerance on integrator error control 
specified simulation accuracy 
tolerance on residual norm for initialization 
time (Feconds. unless otherwise specified) 
delay between disturbance occurring and controller response reaching 
output 
delay between disturbance reaching output and controller response reaching 
output 
delay between disturbance and output 
delay between input and output 
the lag time constant associated with mixing 
the minimum deadtime associated with mixing 
the deadtime associated with mixing 
final time of integration 
the ultimate period of a control loop 
bector of n,. varying or uncertain variables 
the normalized deviations in I' 

the nominal value of 1' 

the ith element of the vector I' 

vector of uncertain parameters lying in the subset V 
a vertex element of V 
set of varying or uncertain variables 
outer approximation to V at first iteration of worst-case design 
outer approximation to V at ith iteration of worst-case design 
ith subzet of the uncertain parameter space 
the volume of solution .r 
the tank volume 
weighting matrix on u 
weighting matrix on j 
state variables 
state variables evaluated while evaluating sensitivities 
process inputslmanipulated variableskontroller outputs 
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Y 
YS 

i! 

zs 

6 
6, 
6, 
6',,, 
Sf 
61 

6cv) 
A,,,, 

% 
C c v )  

pmax 
0 
0 
x 
A 
P 

ff 

6 k  

E 

7 

TPFR 

7, 

4 
@ 
Operators 
E 
l In 

A 
[XI 
Superscripts 

Subscripts 
max 
min 
Acronyms 
CSTR 
PFR 
PID 

Units 
M 
N 

* 

PSd 

w/w 

P 

process outputdmeasured variables 
target values or setpoints for measured variables 
algebraic variables 
algebraic variables evaluated while evaluating sensitivities 
scaling factor on full optimization step, 6,, 
flexibility index for a single value of v 
estimated achievable disturbance attenuation 
required disturbance attenuation (hCne, /A,,,,) 
acceptable variation in met  at treatment system exit 
the fraction of a disturbance that can be rejected (6, = &!do) 
permissible fractional carryover of reagent 
full optimization step at kth iteration 
change in variable value when sensitivities are evaluated 
variation of cnet at treatment system inlet 
a small number (defined more precisely where required) 
a projection factor to accelerate design with uncertainty 
precision error in variable y 
threshold for testing for potential change in active set 
optimization variables 
set of optimization variables 
Lagrange multiplier 
Relative gain array matrix 
penalty factor in SQP 
time constants (various) 
time in plug-flow reactor 
first-order reaction time constant 
times in @ 
discrete subset of time 

expected value of 
the nth norm 
change in value 
molar (g-molesAiter) concentration of component x 

optimum value 

maximum value 
minimum value 

continuous (flow) stirred-tank reactor 
plug-flow reactor 
proportional-integral-derivative control 
particle-size distribution (fraction by mass) 

concentration in moles per liter 
concentration in normals [available OH- (M); acids have negative 
normality] 
concentration measured as weight of one component over total weight 
length in microns [micrometers (pm)] 
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APPENDIX A: WORST-CASE DESIGN ALGORITHM 

1 : Initialization 
Define the sets P and V .  

p"'"' = I ,  nlocl = 1. iikoc2 = I ,  nrand = 1 
Set p::,". nloc 1 Illax, nloc2,,,, ivert, nrand,,, 
to control the maximum and minimum effort in the constraint 
maximization algorithm. 

For each t', define pvert, 

Set E,, 

Set the initial number of models, nmods, the number of models defined 
by the user, met, and the values of v,, j = 1 ... nset 

If ntnods > met 
Maximize each constraint separately in a local vertex search 

Generate a random initial point 
Move to vertex maximizing the constraint based on a local 
linearization 
Repeat until search fails to increase constraint 

Eliminate duplicate vertex maximizers 
If the projected model gives an increased violation replace the 
original model with the projected model. 
Select the best nndd vertex maximizers. 
(ndd = max(nmods - met ,  no of distinct vertex maximizers)) 
Reset nrriods to nset + nadd. 

Proceed to multimodel design (2:) 

2: Multimodel design problem 

A: Identify the predicted active set of models to be used in the design. 
All models which have shown an active constraint in any of the 
three previous design iterations are predicted as active. 
Initial models are held for at least 3 iterations. 
Models which have been incorrectly dropped from the predicted 
active set are not dropped again. 

B. Carry out design optimization subject to constraints from active 
models 
If the optimization fails to find a feasible solution STOP 
(Worst-case design may be infeasible) 
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C: Check violations for models not in the predicted active set. 
If necessary update the predicted active set and return to B: 

3: Constraint maximization 

LOCAL SEARCH: 
Local vertex search 
Ivl: Choose a random initial value of v 
lv2: Update v using 

acmx > 
V ,  = V: if - 

dVi  

until either c,,, fails to increase as predicted or the search predicts 
a vertex already examined 
lv3: For each ck < c,, compute the maximum increase Ack in the 
constraint, based on the constraint gradients, and identify the 
corresponding vertex. 
Compute the projected fractional change p = AcJ(c,,, - cA) 
If the maximum value of p is less than pmax 
or no new vertices are identified than local vertex search is complete 
Else select the new vertex value of v giving the maximum value of p 
and go back to lv2: 
If no constraint violations have been found set pmax to p::: 
to increase the depth of search and go to back to lv3: 

Carry out local searches into the interior of V from up to nlocl 
vertices identified during the local vertex search as having ascent 
directions into V which did not lead to an increased value of c,,, on 
the corresponding vertex. 
If no new constraint violation is obtained then increment doc1 until 
either nlocl = nlocl,,, or no more suitable vertices are left 

If a constraint violation has not been found or 
a global search has been used previously then 

GLOBAL SEARCH: 
Vertex search 
If ivert = 1 test all the vertices not already examined 

Carry out a local search from the largest new maximizer 
with an ascent direction into V 



398 STEVE WALSH AND JOHN PERKINS 

Multistart random search 
Carry out random trials until the number of trials exceeds nrand 

Generate trial points using 

where r ,  is a uniform random variable €[-0.5, 0.51. 
and I{ and t( are the upper and lower limits on the ith parameter in v 

If a random point is found increasing the maximum constraint 
violation then 

If no new constraint violation has been found and nloc2 local 
searches have been used in the global search increment nloc2 up 
to a maximum of nloc2,,, 
Carry out local search unless the number of local searches in the 
global search phase exceeds nloc2 

If no new constraint violation has been found and nrund random trials 
have been used increment nrand up to a maximum of nrund,,, 

OUTER APPROXIMATION UPDATE: 
If a constraint violation has been found then 

Update models for design, V, 
If projected model gives increased constraint violation then add 
projected model else add the unprojected model to active set 
Proceed to multimodel design (2:) 

else 
Optimum of worst-case design has been found, STOP 

APPENDIX B: EXAMPLE OF PROGRESS OF ALGORITHM 

The discussion below details the operation of the worst-case design algorithm 
for the example discussed in Section V.C.2. 

The tuning parameters for the optimization were set as follows: &;: = 
1,  nlot.l"'"X = 10, nloc2,,,, = 10, ivert = I ,  nrandmax = 1000. p e r t  was set to 
.99 on the initial and final levels of the two step disturbances and to .8 on all 
other variables. E,, = 0.1 is used in the example below, corresponding to in- 
creasing the concentration of the disturbance streams by 10%. 

The nominal case was taken as a base flow of 400 m3/h with no disturbances 
and no measurement bias. As the disturbances were infrequent, the economic 
objective for a given control structure was taken to be minimize the excess 
reagent used at steady state compared to the reagent required with ideal delay- 
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limited control. The ideal delay-limited controller had been able to operate with 
an exit pH setpoint of 11.3 (actual pH can drop to the limit of 11.2 due to 
measurement bias). Increasing this setpoint to accommodate disturbances or 
overneutralizing in the first tank results in increased reagent cost. 

As the preliminary analysis suggested that the ratio control should make the 
concentration disturbance dominant over the flow disturbance, the initial sce- 
narios were all based on the disturbances occurring simultaneously to give the 
maximum feed concentration lariation. It was clearly necessary to consider both 
pulses starting at once and both pulses ending at once. Normally, the maximum 
measurement lag will be the worst case, so the measurement lags for the initial 
scenarios were set to 5 for the pH measurement on both tanks. The key pH 
measurement was that on the first tank, which was used for both feedback and 
feedforward control, so a bias of both .I  and -.I pH units was considered. 
Finally, a bias of .I was assumed on the last pH measurement as this reduces 
the effective pH at the treatment system exit, pushing the final setpoint up and 
increasing requirements for alltali reagent. This gave five scenarios in all (nom- 
inal case plus combinations of pulses starting/finishing bias positivehegative). 
This approach of choosing the initial scenarios based on a mixture of preliminary 
design analysis and qualitative reasoning is quite typical. 

The progress of the design optimizations is shown below. The objective func- 
tion increases monotonically as the optimization progresses and the outer ap- 
proximation is refined by adding additional scenarios. All the additional sce- 
narios added use the projectic n factor of 0.1. 

iteration setpointl gain1 iatl setpoint2 gain2 iat2 

0 11.3; .05 10 11.34 .05 10 
1 1.89 ,051 11.8 11.308 ,0083 2 
2 1.75 .073 41 11.31 .01 2 
3 1.7 .07 47.4 11.312 .082 2 

iteration FF gain lead constant excess reagent cost 

0 .8 30. not feasible 
1 1.16 19.4. €628 
2 1.19 18.4 €833 
3 1.18 18 €1100 

The third design passed the test for feasibility and was accepted as the optimum. 
The first scenario added involved the low-concentration, 80 m3/h, disturbance 

being applied for the first 10 rninutes and then removed. The high-concentration, 
40 m3/h, disturbance was initially absent, but was applied after 344 seconds. 
The first pH probe was biased so that the actual pH was . 1  higher than the 
measured pH. The second prcbe was biased in the opposite way. The first probe 
was at maximum lag, while the second probe had a lag of 1.6 seconds. 
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This scenario was identified as follows. The local vertex search failed to 
identify a constraint violation. A local search from a vertex identified in the 
local vertex search as not being a local maximum converged to a solution that 
differed from one of the initial scenarios only in that the second measurement 
lag was reduced to i second. This gave a constraint violation of 8 X lo-', 
which was just less than the optimization tolerance of lo-'. No other suitable 
vertices from which to carry out a local search had been found. The global 
phase of the maximization was therefore activated. Vertex enumeration identi- 
fied a constraint violation of 40 X lo-'. This corresponded to the low-concen- 
tralion disturbance being removed and the high-concentration disturbance being 
applied simultaneously, with the true pH being biased high on the first stage 
and low on the second stage and the first probe having maximum lag and the 
second probe having minimum lag. This vertex was not a local maximizer, so 
a local search was initiated using i t  as a starting point. This local search found 
the scenario described above, giving a constraint violation of 96 X lo-'. As 
the number of random trials in the global phase, nrund, is initialized to 1 and 
a significant constraint violation had been found, the search stopped after just 
one random trial which failed to give an increased constraint violation. Setting 
E,, to 0.1 for the scenario identified increased the integrated squared constraint 
violation so the projected scenario was added to the scenarios for the next design 
iteration. 

The second constraint maximization did not find a violation until the vertex 
enumeration phase and gave a violation of 92 X lo-'. The maximizing vertex 
occurred with minimum base flow. the Iow-concentration disturbance being ap- 
plied after I0 minutes and the high-concentration disturbance being applied after 
1 second. with both pH values biased low and probe lags at their maximum. 
Again this vertex was not a local maximizer. A local search increased the con- 
straint violation to 97 X lo-' by delaying the onset of the high-concentration 
disturbance to 5 1 seconds into the simulation. Again, only one unsuccessful 
random trial was made. Increasing E,, to 0.1 again increased the violation, so the 
projected constraint was added to the scenarios for design. 

On the third constraint maximization the vertex enumeration and subsequent 
local search failed to identify a significant violation. The random search there- 
fore was allowed to run until either a violation was found or rzrund,,, trials 
were made. The allotted 1000 random trials failed to identify an increased con- 
straint violation (from which a further local search would have been initiated), 
so the optimization terminated with the solution noted above. 

In relation to the noise-control algorithm, it is of interest to note that the 
models corresponding to the scenarios for design were integrated with values 
of simcicc ranging from illustrating the difficulty of optimizing 
siiiincc without an adaptation mechanism. 

to 4 X 
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